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3-D Coordinate System

5

 ÆWfiOçM! :ÈñUO<dÄ :vÑ Uïbï«uï :u! :vëWA:OëËUÙ
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Dilation

:v|WM:|Ë ÆdJ¶<Ëñœ :v§|ñW" WA:Oëô :v|…u:OÅ ñWfiì vëWKA8 :u! „W§ìUè vë…d~M|;d:|“

¨dë Èd~M|d:|“ ˛ È“«u8«œ vë…;dJ! Æ†WëœñU|œ :vKA8 :ÈË :u! v§ìUè :ÈñUJK:OÙ ñW§î«ñW!

 Æ†WJ! Ê“Wî :u! ÈWKA8 :v§ìUè

1:vJì:uëËUÙ » :vïdJï“Wî v¶AÄ ÈWKA8 :v§ìUè :vM:|Ë

 ÆWA:OJ!

3U|…ó:|ñ ¨Wï…u:OÅËUÙ          Ë          WÅ:u~:O< ËËœñWÙ

 Æ…d:Oî˛WN!    ôU8 :vïU":uÄ Ë :vïËu!…u:OÅËUÙ

4U|…ó:|ñ ¨Wï…u:OÅËUÙ         Ë          WÅ:u~:O< ËËœñWÙ

 Æ…d:Oî˛WN!    ôU8 :vïU":uÄ Ë :vïËu!…u:OÅËUÙ

2«“«u8«œ Ë ¨Ëu! ÂU<ñW< Èd~M|d:|“ :v|WKA8 » ;dJ!

d¶ëËuâ! UëWïUçOÄ » È…u:OÅ ÈË » Èœ vëW|WKA8

v¶AÄ WA:OJ! Ëuï :v|WKA8 s:O|WM:|Ë Ædë Èd~ïd:|“ ˛

 Æ    :vJì:uëËUÙ » †…ñWM! :v|WKA8 UïdJëËuâ!

3
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Vectors
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 ÆWJ§J|e:Oï WKÄ s|d¶J|e:Oï

 ÆWJ!ñU|œ :Èñ«u8 ‰ s:OÑWz ñW§î«ñW! :v|WM:|Ë ‰

® «ñUO<dÄ ‰12ÆWJ§J|e:Oï p:O£Ù…œ s|d¶J|e:Oï :u! ÈË «“Wì Ë ÆWJ§J|e:Oï WKÄ s|d¶J|e:Oï :u! Ê«;d! :v|W¶<«ñUz :̈È ©

V( ,� )7 3W( ,� )0 1−
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B
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E
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 ñËuÅU!

 †ôWÙ :̨Ë;ñ 2 2. km
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s|d¶J|e:Oï :u! :u8 Uç<ñW! ¨…d:Oî˛WN! ÈË U|ó:|ñœ ¨WA:OJ! «œ vïU":uÄ :v¶8W"ËËñ œ vë…;d! W¶<«ñUz ñWÙ :v|WM:|Ë

 ÆWJ§J|e:Oï p:O£Ù…œ

5 2,�− −4 7,�3 6,�−
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Area of circles and regular polygons

  ∫…d:Oî˛WN!   :vÄ

„Ëuâ! U|«e¶OÄ :v|UN! Æ†Wëœ ÊUïUçNOî vA:OJA:OÄ „Ëuâ! Ë ÈbïWÑUï Ë Ê“Wî s:O|«e¶OÄ ÊU¶<œñuë UÙW~ïñ«u8

2500 ÈbïWÑUï U| Ë …ñUM|œ4500 Ê“Wî U| Ë …ñUM|œ9000 Æ…ñUM|œ

 ÆWJ§J|e:Oï p:O£Ù…œ s|d¶J|e:Oï :u! :u8 Uç<ñW! ¨…d:Oî˛WN! vëW|ôbïWÇ ñWÙ :ÈñW!ËËñ

2 1

4

5

3
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 :vï“U! :ÈñW!ËËñ

 :vï“U! :Èu:OÇ  :vï“U! :Èu:OÇ

 :vï“U! :ÈñW!ËËñ

2 2π cm

π

25m

V

H

4acm

R

1200km

M

( )x y+ cm

 ÆXO!              :ÈË :v|…u:OÇ ñWëWÙ :̈vëWï“U! :v|…dO¶çOï

7Ë ¨…d:Oî˛WN! :vëW|«e¶OÄ ñWÙ :ÈñW!ËËñ ¨XO!           Ê“Wî U|Ë            ÈbïWÑUï U| Ë           „Ëuâ! U|«e¶OÄ :ÈdO" ñWëWÙ

 ÆWJ§J|e:Oï p:O£Ùœ s|d¶J|e:Oï :u! u8 s:Oç<ñW!

8 ÆWJ§J|e:Oï p:O£Ù…œ s|d¶J|e:Oï :u! u8 Uç<ñW! ¨WJ! ‘W!«œ :ÈË :ÈñW!ËËñ ñWfiì :vëW|«e¶OÄ ñWÙ :v|UN!

9ÆXO!WÙ UN! s|d¶ï«“ñWz :ÈË :ÈU3ËËœ Èd"WLO¶ïW< p:Oz uë ¨WJ!ñU|œ :v|«e¶OÄ :ÈËWz :Èñ:u3

10

11

Æ„Ëuâ! :Èñ:u3 ˛ ÊU|«e¶OÄ s:O|WÇñUÄ ËËœ ÊU| Ê“Wî :Èñ:u3 ¨XO!WÙ :Èœ s":Ëdã s|d"d¶Ä ÊU|«e¶OÄ óOë

6     :ÈË :ÈñW!ËËñ ñWëWÙ :̈vëWï“U! :v|…dO" ÆXO!

18cm

12

6 m

( )x x2 2 1 2+ + π km

20 cm24 cm30 cm
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Formulas in 3 dimensions

s:OîU$Wz ËWz ¨…d:Oî˛WN! :Èñ«u8 ‰ vëW|ËËñ bïWÇ ñWÙ s:O|ËËñ Ë ô Ë ñW< «ñUî˛

 ÆWMO!ñUJ! ñWK|uz U|U<U| UïdJ8U< :u! ¨5¶ãWë W" X<…b!

 ÆWJ§J|e:Oï p:O£Ù…œ s|d¶J|e:Oï :u! :vç<ñW! Ë …d:Oî˛WN!

 WA:OJ! ÈWM:|Ë

ÈË U¶<«ñWÑUï ôU8 :vïU":uÄ ¨…d:Oî˛WN! ÊôU8 ËËœñWÙ «ñW§ÑUï U|ñËËœ :̈Èñ«u8 ‰ s:|ñUO<dÄ ËËœñWÙ ‰

ÆWJ§J|e:Oï p:O£Ù…œ s|d¶J|e:Oï :u! :vç<ñW! ¨…d:Oî˛WN! È«œñËuM< ÊôU8 ËËœñWÙ » vK:OÙW¶<«ñWÇñUÄ

1

3

2
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 ÆXO!       :ÈË :ÈdO" ñWëWÙ :̈vëW|ËuìUÄ ‘WÅ :v|ô U|ó:|ñœ

4Æs!            ¨             ¨              :ÈË s:O|ñËËœ ñWëWÙ ¨ÈWA:Oëô WJM! «ËU¶<…Ë UëWë“«uÄ :ÈdO"

U|ó:|ñœ ñWëWÙ ÆÈWÅ:uÖñUÇ ÈË :vJM! ËU¶<…Ë UëWë“«uÄ

 :ÈË :vJM! vëW|ô4 vÙ«bMK! Ë WëW|2vë…ñW< Ë XO! WëW|

 †…;ñWM! ôU8 ñW< W¶OÑWJ! :ÈË ®0 ¨0 ¨0Æ©

 :ÈË :vJM! :ÈdO" ñWëWÙ ¨ËU¶<…Ë UëWëWÇËuè6Ë WëW|

 vÙ«bMK!3ñW< W¶OÑWJ! :ÈË :vJM! :vèWÇ Ë ¨XO! WëW|

 †…;ñWM! ôU8 ®0 ¨0 ¨0 Æ©

5 Æ s!          :ÈË :ÈdO" Ë         :ÈË UOÙ«bMK! Ë        :ÈË UOïUÄ ñWëWÙ ¨ÈWA:Oëô WJM! …ËU¶<…Ë UëWë“«uÄ U|ó:|ñœ

( ,� ,� )−8 0 11 ( ,� ,� )5 5 5 ( ,� ,� )1 10 3 8 Ë9  Ë(2,-6,-17)

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

9m

15mm20mm8mm

21m 18 m 2 m
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Sphere

12

56

∫…d:Oîó!   :vÄ

 ÆXO!                  :ÈË :ÈñU!Wè ñWëWÙ :̈vëW|:uÖ :v|…dO" 3

 ÆXO!                  :ÈË :v|ËËñ :ÈñW!ËËñ ñWëWÙ :̈vëW|:uÖ :ÈñU!Wè 7

8

1011

9

4:u! †Wëb:Oá¶<…œ :vìUèW"dÄ :vèWÇ ˛ :È…d¶çOï ÈË U|ó:|ñœ ñWëWÙ ÆXM:|uïœ :vëWìUèW"dÄ UçOï ñW§î«ñW! :v|WM:|Ë

vKçO" È«bÑUï ˛ :u! †Wëb:Oá¶<…œ :vìUèW"dÄ :vèWÇ ˛ :È…dO¶çOï ÈË U|ó:|ñœ Ë XO!          vKçO" ÈWÑñ…œ ˛

 :u! ÊdJÅW!«œ X:OÙœ :vïñ«u8 d:OJ! :ÈËWz :̈vìUèW"dÄ :vÅW! ËWz ÆXO!12íOï :ÈñU!Wè ÆÊUfiëW| s:OÅW!

 Æ…d:Oî˛WN! X:OÙœ :vïñ«u8 d:OJ! vëWÅW! :ÈñU!Wè Ë :vìUèW"dÄ

  ∫…d:Oî˛WN!   :vÄ

 øWOOÇ ÈdëñU|œ s:OïUçOÄ ñWfiì :vëWM|ñ:uÙ:uÖ ñWÙ UïdJ:O"ñUë

 ÆWJ!ñUî˛WÙ W¶:|ËUz vëWïW" ñWÙ :u! v¶AÖ :ÈñW!ËËñ Ë …ñU!Wè

 ÆWJ§J|e:Oï p:O£Ù…œ s|d¶J|e:Oï :u! :u8 Uç<ñW!

 Æ:v|:uÖ íOï :v|…ñU!Wè

 Æ:v|:uÖ :v|ËËñ :ÈñW!ËËñ

 :ÈË :v|…dO¶çOï ÆUïdJÅW!«œ ‰ :v|:uÖ :v|ËËñ :ÈñW!ËËñ

® ñWfiì4 Æ:È©
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Sectors and arcs

2

 Æ         ÈWï“U! :v"ñWë Æ         ÈWï“U! :v"ñWë

5:ÈñUëdOî˛ :vKOî Æ†WJ!…b:|“                :u! :ÈdH< ˛ :ÈË «“Wì ñWëWÙ Æ         œ«“ËWï ö:O§îËd" «“Wì åœ«bàò :ÈñUëd:Oî˛ :vKOî U|ó:|ñœ

 :ÈË U|WÅ:uÖ Ë XMOÙbJ:OÄ v|Wï“U! vëW"ñWë uë XOçìœ vëW|…u:OÅ »30º:u! Ë ¨…d:Oî˛WN! ÈWï“U! :v"ñWë ÈË :ÈñW!ËËñ ÆW|

 ÆWJ§J|e:Oï :ÈœW< ˛ ‘W! s|d¶J|e:Oï

ÆWJ§J|e:Oï ÈœW< ˛ ‘W! s|d¶J|e:Oï :u! Æ…d:Oî˛WN!   :vÄ ÈWï“U! vëW"ñWë ñWÙ :ÈñW!ËËñ

1

9 8

4

 :v"ñWë Æ         ÈWï“U! Æ         ÈWï“U! :v"ñWë

3

11

 ÈË UïUçOÄ vëWïUçë45º ÆXO!       :vï“U! :v|…dO¶çOï ñWëWÙ Æ«b:OëWï“U!œ XO!

 ÈË UïUçOÄ vëWïUçë120º ÆXO!            :vï“U! :v|…dO¶çOï ñWëWÙ Æ«b:OëWï“U!œ XO!

10

12

13

7

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

6

 ÆWJ§J|e:Oï :ÈœW< ˛ ‘W! s|d¶J|e:Oï :u! Ë ¨…d:Oî˛WN! :vëWï“U! WÇñUÄ ñWÙ :ÈñW!ËËñ

∫WJ§J|e:Oï ÈœW< ˛ ‘W! s|d¶J|e:Oï :u! Ë …d:Oî˛WN!   :vÄ vëWïUçë U|ó:|ñœ

ππ

ππ

Α 18 mm

B C

KJLFEG

6 cm60 km / h

3 km

M

L

15 mm

2 m

A

B

1 km

T

S

R
4 km

X

Z

Y

BAC

L

K

U

J

6 dcm

V

T
12 cm

UTV

20 m
E

F

G

25cm

H

I

J

11 km

P

Q
R

75º

90º

140º

10º

90º

90º

140º

60º

45º

120º



1-2

W!:uÙ ñ«ËñW! ˜Uï

 ÊUM:OÙ«;ñ

 Ê«Ë«dï«“Wï ËËœ » vK:OÙ s:O|W~ïW<ô

U|Wï«Ë

9  ÊUM:OÙ«;ñ

Linear inequalities in two unknowns
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Linear models

2

3
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System of linear inequalities

1

  ÆWJ!ñUJOÅ :vïdJïËËñ :v|WM:|Ë » vK:OÙ U|W~ïW<ô vëWîW¶fiO< ñWÙ

 ∫WJ!ñUJOÅ

2
y x

y x

< +

≥ −

⎫
⎬
⎭

5

4 2

3

x

y

y x

y x

≤

≥ −

≤ +

≥ −

⎫

⎬
⎪
⎪

⎭
⎪
⎪

2

3

2 2

2 1

4

y x

y

y

y x

≤ − +

≤

≥

≥ − −

⎫

⎬
⎪
⎪

⎭
⎪
⎪

4

3

0

2 1

 ÆWJ!ñUJOÅ :vïdJïËËñ :v|WM:|Ë » vK:OÙ U|W~ïW<ô vëWîW¶fiO< ñWÙ

 ∫WJ§MOì:uÄ XOM:|uïœ :ÈñUJOÅ «ñWÑ…œ uë È…“«bïWz :v|…u:OÅ ÈËWz

5» :ÈñËË˛ Uï:uÇ U¶:OKÄ ¨dë“U< :vJ|“:uî UëW~ïWÙUz :vOOïUL:OK< U|dO§ïWÅË…ñ U|WïU|

8000 » Ë ÊUï“Wî :u! Ê«ñUM|œ4000X:OÑœ :v|WïU| ÆXÅËdãœ ÊUë:Ëñ«“ :u! Ê«ñUM|œ

:v|WïU| U|:uïUÅ Æ†WJ§î:uë :u8 s:OOÑb:OÄ UïdJMO!«œ :u! ñUM|œ Ê:uOKî p:Oz v<UL:OJ!

 s:ON3250s:OA! uë WfiOçM! vK:OÙ s:O|W~ïW<ô vëWîW¶fiO< Æ†dÖœ WÑ:u‹! ÊU<Wë

UïUMO£Nº! :u! XÅ:ËdH! vë…ñ:u3 ñWÙ ˛ WïU| s:O¶OKÄ «ñUî˛ UïdëñU|œ :u! sMO!ñUJ!

 ÆWJ!ñUJOÅ :vïdJïËËñ :v|WM:|Ë » vîW¶fiO< ÈË vÅUÄ Æ:ÈË :v$UîñUz

y x

y x

≤ −

< − +

3 5

4
1
2

Êü«bMî v¶OK!

ÊUë…ñËWÖ v¶OK!



4-2

W!:uÙ ñ«ËñW! ˜Uï

 ÊUM:OÙ«;ñ

 vK:OÙ :vî«dÖ:ËdÄ

U|Wï«Ë

12 ÊUM:OÙ«;ñ

Linear programming
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Linear Systems in 3 unknowns
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Statistical measurments
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:vJ:|ñ«uÇ Ë X<«;ñWÑUï Ë UÙW! s|d¶ëËuâ! Ë UÙW! s|d¶ï“Wî ÆWJ§¶<Ëñœ ÊUO|«b:OÄ ÊUÑ :u! vK:O§L< UïdJïËËñ

 Æ…d:Oî˛WN! :vO:O< :vJ:|ñ«uÇ Ë vJ:Oz

 Æ…d:Oî˛WN! ÈWïUçOÄ :vï«œô Ë ÊËuÇWMJ:Oì

Ü

ê

1 2 3 5 3 5 8 2,� ,� ,� ,� ,� ,� ,�{ } 4

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

19 23 17 20 25 19 15 22,� ,� ,� ,� ,� ,� ,�{ } 75 12 10 13 8 11 15 12,� ,� ,� ,� ,� ,� ,�{ } 8

9

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

:v|UÙW! Æ†WëœñU|œ vë…d:|˛U! ‰ :vïô:uÖ UÙWî ‰ :vM|ñU! Ê«ñU! s|;d! :u! :ÈñWÖWz UïËu! ˜ôW! :Èñ«u8 ‰ :v|W¶A8 ˜Wz

 Æ…d:Oî˛WN! X|ñU!œ Uï«ñU! :ÈË :È;d! :u! ÈdJMO§A:OÄ

10«ñUî˛ UïËu! vï«ñU3 ËËœ :u! vÑb:OÄ s:OëWì:u8 Ê«Ë «ñUî˛ Ë ÆbïUÇ U|d¶ëW! vë…ñ:u3 vï«“…bM:|“ vëW|Uï«“

 ∫dëñUî:u" :vë…ñU3 ñWÙ ‰ ÊU|d¶ëW!41 ¨„Wì:u845 ¨„Wì:u839 ¨„Wì:u842 ¨„Wì:u883 ¨„Wì:u888¨„Wì:u8

43 ¨„Wì:u840 ¨„Wì:u844 ¨„Wì:u839 ¨„Wì:u842 ¨„Wì:u840 Æ„Wì:u8

 Æ…d:Oî˛WN! ÊUO|«b:OÄ Ê«Ë :u! È…ñUî˛ :ÈbïWÑUï

 Æ…d:Oî˛WN! ÈWïUçOÄ :vï«œô

 ÆWJ!ñU|œ dÖñWÄ s:O|UÙW!

√

Ü

ê

√

Ü

ê

 ÆWJ!ñU|œ ÈWïUçOÄ :vï«œô Ë È…ñUî˛ :ÈbïWÑUï ñWfiì dÖ;ñWÄ vëW|UÙW! ñWÙ UïdJ:O"ñUë

Ê«d"WL:O¶ïW< » :vï«ñU! :Èd!

 ñWÖWz

5

0 05.0 10.

67

0 64.

8

0 21.

 ÆWJ!ñUJOÅ

O

12 11 17 3 9 14 16 2,� ,� ,� ,� ,� ,� ,�{ }6 9 9 20 4 5 9 13 10 1,� ,� ,� ,� ,� ,� ,� ,� ,�{ }

 ËU!

 v|…ñUî˛ :ÈbïWÑUï

 X<«;ñWÑUï

 ËU!

 È…ñUî˛ :ÈbïWÑUï

 X<«;ñWÑUï

√
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Binomial Distribution

 Ævï«ËËœ vë…ñ«œ…œ«ñ ñWÙ UïdëWÑ :u! WMO!ñUJ! vï«ËËœ :Èñ«œ…œ«ñ :v|dëWÑ «Ë«dMO*W<

1( )x y+ 3

 ÆWJ!ñUJOÅ

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

2( )2 4x y+

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

3( )m n+ 3 3

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

4

5

( )p q+ 5

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

:ËdÑWz W|WÙ vá< :v~ï…ñ ˛ q:O§îËd" p:Oz «bïö:O§îËd" ‘WÅ ˜Uïœ ÆWïWÙ ñ:u3 Ë «ñ:u3 :v~ï…ñ ˛ s:OK:O§îËd" :vëWÙW~ïUAOÄ

  :vÙW~ïUA:OÄ4 Æs":Ëdã q:O§îËd"

7 Ê«“:u<8 ø…bïWÇ ÊW§! s|dë s:O¶OKÄ Ê«Ë UçOï «ñWÖWz Æ    vºï«“Uè :u! :vëW¶:OKÄ ñWÙ Uïd! U"Wãñ…œ ¨s|;dë v§OfiïU| s:O¶:OKÄ

8 vï«“ñUë10v<UL:OJ! :vçOì…œ :vÑ Uïd! «ñWÖWz ¨     v$«“Uè :u! :vëW¶:OKÄ ñWÙ Uï;d! UçOì…œ Æs|;dë ›v§O<Wï U|¤ vfiïUÇ s:O¶:OKÄ

 ø…bïWÇ :v¶OKÄ p:Oz :u!

6 ÆåÊ:u8Uï v¶Å:uÖò WMOë…ËËñ :vë…óOìuë s:OO!U"uè ˛5 ÆÊu8œ :ÈóO˘uë UÙW~ïñ«u8 ‰ :vïñ«u8 v!U"uè

 ø…bïWÇ s! vë…ËËñ s:OO!U"uè êM:OÄ ñWÙ ËWz «ñWÖWz

 :v~ï…ñ «ñWÖWz3 ø…bïWÇ XO! vá< U| Ê«Ë ˛ Êö:O§îËd"

 ø…bïWÇ s! vá< s:O| 5":Ëdã s:OK:O§îËd" ËËœ :v~ï…;ñ v<UL:OJ! «ñWÖWz

√

√

Ü

 ø…bïWÇ XO! vë…ËËñ :v| ÊUO!U"uè Ê«Ë ˛ p:Oz :vM¶! «ñWÖWz
Ü

1
3

1
3

1
10
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Matrices

 Æ†WëœñU|œ :vOÅ:u8 s:ON3 :u! :Èñ:Ë˛ UïËuÇ UO3ñW8 W¶A8 ˜Wz

 ˛ Ê«ñUO<dÄ UïdëñUJOÅ :u! :Èñ«u8 ‰ s:O|dëe:|ñ ÊUÑ6 U"WÙ8˛ ÊU| WJ§î:uë Ëu! «bïUOÅœ ñWëWÙ ¨WMO!ñUJ!

 ÆWJ!ñ…œ ËËœuJ:Oz

 ˛ Ê«ñUO<dÄ UïdëñUJOÅ :u! ÊUO|dëe:|ñ ËËœñWÙ ÊUÑ9 U"WÙ11 ÆËu!«œ ÊUOÅœ U| ñWëWÙ …d:Oî˛WN! :È;d! WMO!ñUJ!

 ÆWJ!ñUJOÅ

1 ÆWfiOçM!     :v|dëe:|ñ :v|…u:OÅ » ÊUO|«b:OÄ

2  øWOOÇ     Èdëe:|ñ :Èñ:u3

3 øXM:|uïœ ı ø…bïWÇ       :v|Wï«œ :v|UÙW!

4 øWOOÇ            :vïUAOï Ë ·Uï

Æ…d:Oî˛WN!      ¨                           Ë                       ñWëWÙ

5

6

 ÆXOM:|uM! ÈdëñU|œ ÈñWfiì s:ON3 :u! v<Wë ñUÇ UëWï«e:O8 «ñ:Ë˛ UïËuÇ UO3ñW8 :v|dëe:|ñ uë WfiOçM! vë…;d!

Êô:uÖ UÙW~ïUA:OÄ

ÊU|UN! W¶fiOì

 WïU8…“uî

Êô…˛Uz :vâ8U!

 …ËUî

ñUM|œ

ñUM|œ

ñUM|œ

:̨Ëñ p:Oz

ñUM|œ

ñUM|œ

ñUM|œ

:̨Ëñ ËËœ

ñUM|œ

ñUM|œ

ñUM|œ

:̨Ëñ :v<

ñUM|œ

ñUM|œ

ñUM|œ

:̨Ëñ ZM:OÄ

4 000

70009 500

800010500

10 000

12 000

13 000

12 500

14 000

15 000

7500

P

P

P
31

12 000

T =

−

−

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

5 9

3 6

10 5

���

���

���

S=

−

−
⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

3 9 2

10 5 4

1 2 3

��� ���

� ���

������ ���

S R−8R T− 7T R+

R = −

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

4 12

0 6

9 15

���

���

���

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

Y =
−

−
⎡

⎣
⎢

⎤

⎦
⎥

6 4 10 8

13 6 0 2

��� ��� ���

��� ���� � �� �
X =

−

−
⎡

⎣
⎢

⎤

⎦
⎥

5 2 0 9

4 16 5 6

��� ���� ���

���� � ���

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

9

12

3X113 2X Y− 103 4Y X+

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

F E =
−⎡

⎣
⎢

⎤

⎦
⎥

2 3

5 4

���

�����
E F+ =

⎡

⎣
⎢

⎤

⎦
⎥

0 0

0 0

���

���
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Multiplying Matrices

1

8

:vîU$Wz ©:Èñ:u3® U|WKÄ ¨Ëu! å:vìW!ò W" Uç<ñW! ñWëWÙ øW|«bïUOÅœ U| :Èñ«u8 ‰ 5|dëe:|ñ ËËœñWÙ ÊUÑ Uï«bJ:Oì :ÈñWz

 ÆWJ!ñU|œ :vï«bJ:Oì

 ˛ Ê«ñUO<dÄ UïdëñUJOÅ :u! ÊUO|dëe:|ñ ÊUÑ4 U"WÙ7 ÆËu!«bïUOÅœ U| ñWëWÙ ¨…d:Oî˛WN! :È;d! WMO!ñUJ!

 ÆWJ!ñUJOÅ

 ª           ËPQ Q
3 4×

P
3 3×

2

4

 ª          Ë ª          Ë SR S
4 3× R

3 8×
3WX X

2 5×
W

2 5×

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````` ``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````` ```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

G=
−

−
⎡

⎣
⎢

⎤

⎦
⎥

4 0 3 5

1 2 0 0

���� �� ��

��� � �� ��
F =

−

−

−

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

� ������

� ���

�����

���� � �

1 0

4 3

2 6

1 5

⎥⎥
⎥
⎥
⎥

E =
−

−
⎡

⎣
⎢

⎤

⎦
⎥

4 1

2 2

�����

����� �
H =

− −

−

−

1 2 1 3

2 0 4 1

3 5 2 2

��� �� ���

���� ���� �

���� �� ��

11 1 0 0−

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

����� ��

EG5HF

6

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````` ```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

FG7E2

:v|W¶A8 ÆÊdë :v"W!W< UÄW" UO|ñU| ‰ Èñ«bÅW! ÈñUz Ë Ë…d<W8 Ë Ê:u3ñW<

Ê«Ë ˛ vJ:Oz ñWÙ uë vìU8 p:Oz Ë vìU8ËËœ Ë vìU8 :v< s:Oì:uÖ «ñUî˛ ñW§î«ñW!

 Æ†WëœñU|œ s|dëñUîu"

 Æ…d:Oî˛WN! s|dëñUî:u" Ê«Ë ˛ p:Oz ñWÙ s:OìU8 :vîW3ñW<

 ÆXOM:|uM! vëW¶A8 ñWÙ s:O|«b:OÄ ¨WMO§J:OÄ :vëW|dëe:|ñ √

 Æ…b§J:Oì ÊUO|dëe:|ñ ËËœñWÙ Ü

ê
 øÊdëñUî:u" ‰U8 bïWÇ vëWï«e|ñU| ñWÙ

 í<ñW!

 Ê«e|ñU|

 Ê:u3ñW<

 Ë…d<W8

 ÈñUz

 ‰U8 p:Oz

3

2

0

‰U8 ËËœ

2

4

1

‰U8 :v<

0

0

3

vë…ñu3 ñWÙ s:OìU8

 ñ:u3

 vëW|

 vï«ËËœ

vïUO:O<

 ‰U8

1

2

3
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Matrices and Geometric Transformation

 Æ           ¨         ¨           WïWÑWz ∫      U|WÅ:u~:O< s:|ñW<

 «ñUO<dÄ ˛1 U"WÙ4Æ      U|WÅ:u~:O< UOëñ:uÙ:u~N3 :u! WMO!ñUJ! :v|dëe:|ñ

 ∫…d:Oî˛WN! ÈWÅ:u~:O< :v|WM:|Ë s:|ñW< s:OïU"Ë:uÄ

1

¨      U|WÅ:u~:O< UOëñ:uÙ:u~N3 :u! WMO!ñUJ! :vï«œñË…œ ÊU| …ËWï«œWM:|Ë

:v|WM:|Ë s:|ñW< s:OïU":uÄ Æs!         ¨          ¨          ñWëWÙ

≠∫WJ! ÊUOëñ:uÙ:u~N3 :vfi4W! Æ…d:Oî˛WN! :v|WÅ:u~:O<

 ÆWJ!ñUJOÅ

J( 3, 1)−− � JKL

JKL

ABC

B �( 1, 4)−−C �(2, 2) A �( 2, 1)−−

K(2, 2)�L(1, 2)�−−

5

4

3

2

1
−1

0

−1
−2

−3

− 4

−5

x

y

K

L

J

5−5

5

0

−5

y

x

B

A

C

− 4

−3

−2

−1

3

2

1

4

−1 1 2 3 4−2−3− 4

5−5 1 2 3 4−2−3− 4

 ÊUA:Oë«ñ5 Ë :v¶<«ñ :v|ô :u! ÊU|WëW|6 Æ:Èñ«u8 :u! ÊU|WëW|2 ÊUA:Oë«ñ2 Ë :vÄWÇ :v|ô :u! ÊU|WëW|4 ÆÈñW< ˜…ñW! ÊU|WëW|

3 :vJì:uëËUÙ » ÊdJï“Wî7 Æ

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

4 Æ         :vJì:uëËUÙ » ÊdJëËuâ!

5−⎡

⎣
⎢

⎤

⎦
⎥

1 0

0 1

���

�� ���
6�� ���

��

0 1

1 0−
⎡

⎣
⎢

⎤

⎦
⎥

7� ���

� �� ���

0 1

1 0

−⎡

⎣
⎢

⎤

⎦
⎥

8

9

� ����

� �

1 0

0 1−
⎡

⎣
⎢

⎤

⎦
⎥

ÈË s:|ñW< uë ¨UMO£J:OÄ È…“«bïWz vëW|…u:OÅ :Èñöë„…Ë «œ ¨Ëu!                  ¨              ¨              ¨                 ¨

 ÆXOM|uM! v|…“«bïWz :v|…u:OÅ ÈËWz WfiOçM! vëWO|dëe:|ñ Æ†Wëb:OÇ u8 :v¶:Oë :vî…œ ‰ XMO!ñUJ! „…“«u:OÅ

√

 :vJì:uëËUÙ » †WJ§ï“Wî È…u:OÅ X:OÑœ :Èñöë5 Æ:v¶<W!Wî :ÈË :u! XMO!ñUJ! ËWz XO!b:OÇ WJ! :vëWO:|ñ :vfi4W! Æ Ü

O( ,� )−3 3 H ( ,� )− −3 2U( ,� )0 5S( ,� )3 3E( ,� )3 2−

ê øWJ!ñU|œ :vïdJï“Wî v¶AÄ È…u:OÅ s:|ñW< s:OïU":uÄ

```````````````````````````````````````````H´ ```````````````````````````````````````````O´ ```````````````````````````````````````````S´```````````````````````````````````````````U´ ```````````````````````````````````````````E´

0.25
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Determinants and Cramer’s rule

 Æ…d:Oî˛WN! vëWO|dëe:|ñ ñWÙ :Èñ«œñËuM<

 ÆÊU|WA:OëËUÙ vëWîW¶fiO< ñWÙ UïdëñUJOÅ :u! WMO!ñUJ! ñWî«dÖ U|Ufi:|ñ

 ÆWJ!ñUJOÅ

1

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

2

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

3

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

y

8 2

4 1

�����

���−
⎡

⎣
⎢

⎤

⎦
⎥

−

−
⎡

⎣
⎢

⎤

⎦
⎥

6 3

9 5

�����

� ���

−

−
⎡

⎣
⎢

⎤

⎦
⎥

2 8

3 7

���

���

4

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

5

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

6

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

1 0 1

5 2 0

1 6 2

������ ���

��� �����

������ �����

−

−

⎡

⎣

⎢
⎢
⎢⎢

⎤

⎦

⎥
⎥
⎥

0 4 5

2 4 3

1 1 1

��� ����

���� � ����

������� ��

−

−

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥⎥
⎥
⎥

−

−

−

⎡

⎣

⎢
⎢

4 3 1

7 2 0

1 1 2

��� � �� ��

�� ��� ����

�� ���� ����⎢⎢

⎤

⎦

⎥
⎥
⎥

7

13

89 2 3 1

3 2 16

x y

x y

+ = −

+ =

⎧
⎨
⎩

4 3 9

3 2 28

x y

x y

− =

+ =

⎧
⎨
⎩

8 3 20

3 2 11

x y

x y

− =

− =

⎧
⎨
⎩

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

101112 4 5 33

2 3 11

y x

y x

= − +

= −

⎧
⎨
⎩

27 4 3

81
3

+ =

= −

⎧
⎨
⎪

⎩⎪

y x

y x

7 5 4 0

16 2 5 0

− + =

− − =

⎧
⎨
⎩

y x

y x

 :v§îWÅËËœ « :̨Ëñ Æ†WëœñUë ÊôUî UïdëóèUÄ Ë ÊUë:Ëñ«“ :vºäU! ‰ „Uï:Ëñ4vëWë:Ëñ«“ UOMOJM|«œ Ê«d:Oîóî…œ

 Ë dë2 Ë ¨dëóèUÄ ‰Uî Ê«d:Oîóî…œ41000 :vOM|Wz « :̨Ëñ ‰ Æs"dÖñ…Ë ñUM|œ5UOMOJM|«œ Ê«d:Oîóî…œ

 Ë ¨dë vëWë:Ëñ«“3 ÆdëóèUÄ ‰Uî Ê«ñUîóî…œ55000  Æs"dÖñ…Ë ñUM|œ

ÆWfiOçM! ÊU|WA:OëËUÙ :vîW¶fiO<

 WMO!ñUJ! ÊUë:Ëñ«“ :vâäU! ‰ :Èd:Oîóî…œ p:Oz UO:|dë :u!

 ÆWMO!ñUJ! :vìUî UïdëóèUÄ ‰ :Èd:Oîóî…œ p:Oz UO:|dë u!    Ë

√

 Æ…d:Oî˛WN! ÈË :Èñ«œñËuM< Ë WfiOçM! ÊUJì:uëËUÙ :v|dëe:|ñ

 Æ    Ë    UM"ñUî˛WÙ :u! WMO!ñUJ! ñWî«dÖ U|Ufi:|ñ

øXO!œ«ñ :vÄ „Uï:Ëñ vë…ñUë ñWÙ :u! …bïWÇ :Èd:Oîóî…œ p:Oz UO|dë

Ü

ê

O

x

y x
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Matrix Inverse

−⎡

⎣
⎢

⎤

⎦
⎥

0 2 0

0 8 1

. ���

�� . ����

 ÆËu! «bïUOÅœ ñWëWÙ …d:Oî˛WN! :vëWO|dëe:|ñ ñWÙ :ÈË«;ñW~ìWÙ

 ÆWJ!ñUJOÅ vÅUÄ ¨WfiOçM! Èdëe:|ñ :v|…u:OÅ » vëWîW¶fiO< ñWÙ

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

 Ë Ë Ë

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

 ÆøWïËËœuJ:Oz :ÈË«;ñW~ìWÙ :Èñ«u8 ‰ s:O|dëe:|ñ ËËœñWÙ óOë WJ!ñU|œ

1

10

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

3 2 5

4 3 9

x y

x y

+ = −

+ = −

⎧
⎨
⎩

11

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

− + =

− = −

⎧
⎨
⎩

6 4 8

5 3 5

x y

x y

12

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

4 5 0

5 3 13

x y

x y

+ =

+ =

⎧
⎨
⎩

13

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

5 3 8

6 5 4

x y

x y

− =

− =

⎧
⎨
⎩

−⎡

⎣
⎢

⎤

⎦
⎥

5 0

4 1

���

� ����
2− −

− −
⎡

⎣
⎢

⎤

⎦
⎥

0 6 0 8

0 4 0 2

. ��� .

. ��� .
� ���

��� �

1 4

2 3

−

−
⎡

⎣
⎢

⎤

⎦
⎥

3− −

− −
⎡

⎣
⎢

⎤

⎦
⎥

1 3

1 2

���

���

�� ���

������

2 3

1 1

−

−
⎡

⎣
⎢

⎤

⎦
⎥

41 0

4 1

������

��� �−
⎡

⎣
⎢

⎤

⎦
⎥55 2

7 3

���

���
⎡

⎣
⎢

⎤

⎦
⎥6� �����

���

8 4

5 3− −
⎡

⎣
⎢

⎤

⎦
⎥

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

7� ���

�����

3 3

2 1

−

−
⎡

⎣
⎢

⎤

⎦
⎥8−

−
⎡

⎣
⎢

⎤

⎦
⎥

4 4

5 4

����

�� ��
96 6

1 1

����

� ����

−

−
⎡

⎣
⎢

⎤

⎦
⎥

 ÆWJ!ñUJOÅ

14     :v|UN! :u! Ê«œ ñUM|œ             sL:OÙ3ÊU*œ :vì ÆÊ«e|uÖ         Ë vOÙUM|dOÅ

 ÆÊ«e|uÖ        Ë vÙUM|dOÅ        :v|UN! :u! Ê«œ ñUM|œ

√ :̈vOÙUM|dÅ      p:Oz :v|UN! :u!    ¨WfiOçM! ÊU|WA:OëËUÙ :vîW¶fiO<

 ÆWMO!ñUJ! Ê«e|uÖ     p:Oz :v|UN! :u!    Ë

Ü ÆWJ!ñUJOÅ vÅUÄ ¨WfiOçM! vëWO|dëe:|ñ È…u:OÅ » vîW¶fiO<

39 00023 000

x

y

2 kg1 kg

kg2 kg

kg

kg
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Complex Numbers

1

ÆWfiOçM!  :vÄ :vëW|…ñUî˛ ñWÙ

23− 1
9

2 18− −32

454 282x = − 3 81 02x + =

 ÆWJ!ñUJOÅ :vëW|WA:OëËUÙ ñWÙ

 Æ…d:Oî˛WN! :vëW|WA8Wï ñWÙ s:|dH<

Æ…d:Oî˛WN! W¶:|ËUz UëW|…ñUî˛ ñWÙ :vìËUz

 ÆWJ!ñUJOÅ

 ÆÊWëb8U< :vëW|WA:OëËUÙ ñWÙ s:|ËWz …d:Oî˛WN!   Ë   :v|UÙW!xy

i

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

1213

15

1411i 3 4i − i − 3

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

1
4

2 12 0x + =6 1262x = −

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

67

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

2 20 8 4x i y i− = − ( )5 6 10 2i x y i− = +( ) 89

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

f x x x( )= − +2 2 4g x x x( )= + +2 6 14 1011

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

» :v!…ñUë Uë:Ë;dÑ“ ¨X|ñ:u!œ «;d:O" «ËWz :v!…ñUë U|ËË“W" :ÈËWz :ÈdÖñW! W¶O!œ :̈v!…ñUë ©ˇdz«œ® Uë:ËdÑ“ :v| v¶AÖ :ÈdÖñW!

s:|dH< Æ                                   U|WA8Wï :ÈdH< ˛ XO! „…dH< v¶AÖ :v| :ÈË :ÈdÖñW! uë ÊdJ¶<Ëñœ WO"UÙ vëW|…u:OÅ

 Æ…d:Oî˛WN! :v|WA8Wï :vÑWz

f x x x( )= − +2 12 402

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````
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Operations with complex numbers

 ÆWM:|uM! :vïdJïËËñ :v|WM:|Ë » W¶:|ËUz UëW|…ñUî˛ ñWÙ

≠∫…d:Oî˛WN! W¶:|ËUz UëW|…ñUî˛ ñWÙ :v"ËËñ :v|UÙW!

≠∫WfiOçM!       :v|…u:OÅ » :vç<ñW! WJ!ñ…b:Oì ÊU| WJ§î:uë

1−6

24i

36 7+ i

4− −8 5i

5−3i

18» Ë v¶AÖ :ÈdÖñW! :vïó:O!œ ›:v!…ñUë UëËdÑ“¤ «œ :v!…ñUë UJ|ñËu< œ :v|ËË“W" UïËu!ñWá:O" :ÈdÖñW! «bïU"UOïËd¶JOìWz UïUNO3 œ

s:OIì s:|dÖñW! ËuîWÙ :vîW3ñW< W¶O!œ «œ :v!…ñUë Uë:Ëdã“ s:OIì Uë…dO$“ œ v¶AÖ :ÈdÖñW! ¨Êbï«uï W¶:OÙœ     W¶:|ËUz Uë…ñUî˛

s:OIì :v| v¶AÖ :ÈdÖñW! ÆXO!                    :ÈËËœ :vIì :ÈdÖñW! Ë                   :vJ:Oz :vIì :ÈdÖñW! ñWëWÙ ¨vë:ËdÑ“ s:O|«œu3

 ø…bïWÇ :vë:ËdÑ“

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

64 2+ i75 − i8−3i

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

9( ) ( )− + + −1 2 6 9i i10( ) ( )3 2 4 7− − +i i11( ) ( )− + + − +5 2 2 8i i

a bi++

 ÆWfiOçM!       :v|…u:OÅ ñWfiì

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

123 2 3i i( )−13( )( )4 5 2+ +i i14( )( )− + −1 6 3 2i i

a bi++

∫WfiOçM! …u:OÅ s|d"…œU< »

ÆWJ!ñUJOÅ

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

152 4
3
+ i

i
163 2

4
+
+

i
i

172 11i

Z i
1

3 4= +Z i
2

5 2= −

Z

WMOèW¶<«;ñ Èñ…ËW"

v˘U|W8 Èñ…ËW"
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Exponential Functions 

g x x( ) ( )= − 2 1h x x( ) . ( . )= −0 5 0 2 2
``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

 ÆWJ!ñUJOÅ

5ÆWïËu§L:Oë ˜…ñW!        U|…ó:|ñ » WïôU< Êö:O§îËd" ˛ vë…ñ:u3 :v|UN!

UïËu§L:Oë ˜…ñW! UMOì:uJ:Oì :u! „W|WïËu/ „…Ë WfiOçM! :vëW|WA8Wï

 Ëuï :v| :ÈË :v|UN! ¨Êö:O§îËd" :Èñ:u3 vÑWz :v|UN!20 ÆÊñUM|œ ÊuOìWî

 ÆWA:OJ! ÈWA8Wï :v|…ËUîWÇ

 :vK:O§îËd" :v|UN! uë Wï«œ U<…Ë20 ôU< ‰ Ëu! ñUM|œ Ê:uOìWî2005Æ

UçOï ˛ XO!d¶L:Oë :Èœ :vK:O§îËd" :vÑWz :v|UN! :vìU< ı UJ:Oá¶<…œ ‰

 øËuï :v| :ÈË :v|UN!

vÅUÄ ÆWïËu§L:Oë ˜…ñW! UëW|WA8Wï ÊU| WïËu!WÅWÖ ˜…ñW! UëW|WA8Wï vï«u" U|WA8Wï :ÈñWz WJ§ï:Ëñ

 ÆWA:OJ! :ÈWA8Wï :v|…ËUîWÇ

j x x( ) ( . )= −2 0 5 3P x x( ) ( . )=4 1 4 4
``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

15%

√

Ü

ê

 ÊUëW˘U<

 ©ñUM|œ Ê:uOKî ®UÙW!
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Inverse Functions

 Æ:vëW|WA8Wï ñWÙ U|˛UÑ:ËñW! U|WA8Wï UïdëñU|œ :u! WMO!ñUJ! È˛UÑ:ËñW! s:|ñ«œdë

 WJ!ñU|œ È˛UÑ:ËñW! U|WA8Wï vÅUÄ ¨WA:OJ! :vë…WA8Wï ñWÙ :v|…ËUîWÇ

 ∫WA:OJ! ÈWA8Wï ÈËWz :v|…ËUîWÇ Ë

 ÆWJ!ñUJOÅ

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

1f x x( )= −15 102f x x( )= −10 43f x x( )= −12 9

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

45f x x( )= + 66f x x( )= + 1
2

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````` ```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

78f x x( )= −12
4

10

12

f x x( )= −2 411f x x( )= −5
2 2

9f x x( )= +3 1
6

 :v|Ufi:|ñ :vÑWz ˜ËËœ ‰ ÊdÖœñ…Ë :vëWïbïUJÅ«œ :vÙW~ïUAOÄ s:|ñUJ:|dë ¨†WëœñUë :vëWÙW~ïUA:OÄ ‰ ÊôUz

UïdëñU|œ :u! WMO!ñUJ! È˛UÑ:ËñW! U|WA8Wï ÆXM:|uïœ :vïbïUJÅ«œ :v|UÙW!    Ë W:O:OM|dë :v|UN!    ¨

ÆÊËu§"dÖñ…Ë :vïbïUJÅ«œ s:|ñUM|œ            ÊôUz vï«e! ñWëWÙ ¨s|;dë vïôUz s:O¶A" Ê«Ë UM|;dë :v|UN!

 Æ:vïbïUJÅ«œ :v|UN! ˜ËËœ ‰ :vM|;dë :v|UN! UM"ñUî˛WÙ :u! „W|Ufi:|ñ W¶O!œ «ËWz WJ!ñU|œ È˛UÑ:ËñW! U|WA8Wï

 ñWëWÙ …d:Oî˛WN! È˛UÑ:ËñW! U|WA8Wï :v|UÙW!18 000 Ωd

18000

d c

√

Ü

 øÊ«œ…ñUÄ bïWÇ ÊôUz

d(c)=0,15(c-10)

f x x( )= +5 2

f x x( )= − 12

ê
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25  ÊUM:OÙ«;ñ

Logarithmic Functions

 ∫WfiOçM! vL¶|ñUÖ:uì :È…u:OÅ ñWfiì vï«u" UëW|WA:OëËUÙ ñWÙ

 ≠∫WfiOçM! vï«u" :v|…u:OÅ ñWfiì vL¶|ñUÖ:uì UëW|WA:OëËUÙ ñWÙ

≠ ∫…d:Oî˛WN! vë…;d! ñWÙ :v|UÙW!

¨   :u! s|dëñU|œ s:O|UÙW! UïUMOzñUJ! WA:OJ! :vëW|WA8Wï ñWÙ :v|…ËUîWÇ

 ÆWJ!ñU|œ :ÈË :Èñ«u! Ë «œËWî ÆWA:OJ! È˛UÑ:ËñW! U|WA8Wï :v|…ËUîW3 vÅUÄ

13 2 1877 =212 1442 =35 1253 =

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

456

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

7log1 0000008log109log1

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

10log
4

1611log
8
112log

5
625

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

13

15

f x x( )= 214f x
x

( )= ( )1
2

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````` `````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

 ¨      ¨      ∫    s:O|UÙW!ª0 ¨1 ¨2¨3 ¨4 ¨      ¨     ¨      ∫     s:O|UÙW!ª0 ¨1 ¨2¨3

 ÆWJ!ñUJOÅ

:vë…ñ:u3 œ ¨«œ :vë…d¶:Oì œ Ê«œñWÖ «ñUî˛ » WO|UçOÄ U| uë :̈vMO3:Ëñb|UÙ :vï:u|Uz UO¶<W8

Æ                  W¶O!œ «b:O" UîW" UïËuºàWî

 ÆXOM:|uM! :vïËuºàWî U|       uë WfiOçM! vL¶|ñUÖ:uì UëWA:OëËUÙ

Æ…d:Oî˛WN! :vïËuºàWî U|

HÆXOM:|uïœ :Èåv¶<W8ò U¶OÄ

√

Ü

0 000 316.

PH

PH

x

(PH=-log H)

x−1 −2−3−2−1 x

log
9

729 = 3 log
4

1024 = 5 log
10

100 000 = 5 
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26 ÊUM:OÙ«;ñ

Propeties of Logarithm

 ÆËu! «bïUOÅœ U| ñWëWÙ WJ!…œU< ÆWfiOçM! r¶|ñUÖ:uì p:Oz :Èu:OÅ » vë…;d! ñWÙ

1log log
3 3

9 27+2log log
2 2

8 16+3log log
10 10

80 125+

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

 ÆËu!«bïUOÅœ U| ñWëWÙ WJ!…œU< ÆWfiOçM! r¶|ñUÖ:uì p:Oz :Èu:OÅ » vë…;d! ñWÙ

45log log
4 4

32 128+

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

log log
6 6

8 27+log log .
3 3

6 13 5+6

7log log
2 2

80 10−8log log
10 10

4 000 40−9log log
4 4

384 6−

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

1011log log
6 6
180 5− log log

2 2
1 920 30−log log

3 3
486 2−12

 ∫Ëu! «bïUOÅœ U| ñWëWÙ WJ!…œU<

13log
4

6414log
5

55x−
157 7

30log

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

1617log
3

49

log
5
10

12 12
1log

log
8

5818

 ∫WfiOçM! ÊUÑUz ˛ :vë…;d! ñWÙ :v|UÙW!

19

22

log
12

120log
3

3021

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

 ÆWJ!ñUJOÅ

U|bï…u|WÄ » Ë ÆXMOzœ ÂWÙñW! “ñWìWçOÄ U|…“Ë ËWz WO|«b:|dÖ U|     U|…“Ë ‰WÖœ ¨ñW¶‹|ñ :ÈñWçOÄ ñWfiì ¨     «“ñWìWçOÄ «e:OÙ

ÆñW¶‹|;ñ :ÈñWçOÄ ñWfiì XO!         :ÈË «e:OÙ ñWëWÙ ¨…d:Oî˛WN! :È“ñWìWçOÄ ˛ v"UÙ ÂWÙñW! U|…“Ë Æs"ñUî˛WÙ W¶OÙœ

ME

M E=
⎛

⎝
⎜

⎞

⎠
⎟

2
3 1011 8

log
.

4 2.
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27  ÊUM:OÙ«;ñ

Natural Logarithm e

 ÆWA:OJ! :vëW|WA8Wï ñWÙ :v|…ËUîWÇ

e

f x e x( )= 2 1f x e x( ) .= 0 5 2

f x e x( )= +1 3f x e x( )= −2 4

5ln ex+26e xln 27e x7 ln

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

89ln e x y2 + ln e x3 1+ln e10

11

12

 ÆWJ!ñUJOÅ

 ÊU*œ45vïU*œ ©»Ufi4® «ñUî˛WÙ :Èñ:u3 ËWz Æ             ÈË «ó:|ñ WïôU< vëW|UH0 » Uï«œ «b:OëWIïU!œ ñUM|œ Ê:uOìWî

UïUï«œ ˛ ÊôU<    v¶AÄ     ©:vëW!Ufi4® :vë…ñUî˛WÙ ñWÙ :v|UÙW! UïdëñU|œ :u! XMOzœñUJ!                 :v|U<U| :vÑWz v"ñ«ó§ìWÙ

  v"…;ñWM! :ÈñUÄ :vî :̨uÖ v¶AÄ ©»Ufi4® :ÈñUî˛WÙ :v|UÙW! Æ6 ø…bïWÇ ÊôU<

ñWëWÙ ¨vë…œœUî :u! :vïËu§L:Oë ˜…ñW! :Èñ:uÖWï UM"ñUî˛WÙ :u!WMO!ñUJ!                         v¶ÅËd< U| :vïËu§L:Oë ˜…ñW! UA8Wï

 ÈË :v|˛ íOï1000 ÆXO! ‰U<

   ∫WfiOçM! …u:OÅ s|d"…œU< » ÊUÑWz

t

N t N e kt( )= −
0

n = 5%

A

P

A = Pent
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28 ÊUM:OÙ«;ñ

Exponential and logarithmic Equations and Inequalities

 ∫WJ§8U< Ë WJ!ñUJOÅ

15 202x =212 152 8x− =32 46x+ =

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

4525 125 2x x= −

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

16 645 7x x= +243 810 2 5. x x= +6

781
27

6
27( ) =

−x

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

1
2

162( ) =
x

1
32

2
64( ) =

x
9

 ∫WJ§8U< Ë WJ!ñUJOÅ

 ∫WMO!ñUJ! :vïdëñUJOÅ :u! ÈWA8Wï :v|…ËUîWÇ Ë :vëW|W¶A8

10log
4

5 20x =11log
3

6 12x =12log ( )
4

36 6x − =

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

1314log( ) log( )x x+ = −9 2 7

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

log logx − =10 14log logx + =5 215

1617log( ) log( )x x− = −1 5 12

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

log( ) logx + − =4 6 1log logx2 25 2+ =18

 ÆWJ!ñUJOÅ

19202 3 1 296x x =

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

2 645x− <log x3 12=21

22UA8Wï :vÄ ÊWJ! :vïËu§L:Oë :vÑWz ˛ :vM|;d!ñ…œ s:OÅœ ÆXO!œ r:Oë       U|…ó:|ñ » WïôU< :vìUë:u¶Aë Uë…ñWÑ…œ s:OOºMëUz «ñUî˛

:vÑWz s:OOºMëUz «ñUî˛ ÆÊôU<    UM|ñ:u! v¶AÄ XM:|uïœ Ê«Ë «ñUî˛     Ë XOM:|uïœ Wë:uï s:OOºMëUz «ñUî˛     Æ

  ø:vJ:Oz «ñU3 :u! ÊU<Wë           ˛ XO! d¶L:Oë :Èœ ÊUOOºMëUz «ñUî˛ v~ïWë Æ          ôU< ‰ ÊËu! ”Wë           :ÈñWÑ…œ

7%

CPt

850020046000

P(t)=C(1-0.07)t
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29  ÊUM:OÙ«;ñ

Exponential and Logarithmic Models
 ∫…d:Oî˛WN! ñuÖWï U|…ó:|ñ ¨Ëu! U<…Ë U| ñWëWÙ ¨WOOï«u" U|WA8Wï :ÈñWz ¨WJ!ñU|œ

12x −1 0 1 2 3

f x( ) 0 01. 0 03. 0 15. 0 87. 5 19.

20 12 8 525

1840 5 23 5.

(cm)

x −1 0 1 2 3

f x( ) 9 3 1 0 3. 0 9.

 ≠∫XOM:|uM! ÈW¶A8 s:O|«b:OÄ uë vï«u" U|WA8Wï :ÈËWz UïdëñU|œ :u! WMO!ñUJ! vï«u" ©UïËu§LOë® UïËu!ó:Oì

 ÆWJ!ñUJOÅ

5

7

6x 2 12 22 32

1280f x( ) 5 20 80 320

42 x 1 2 3 4 5

f x( ) 14 7 1. 3 4. 1 8. 0 8.

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

34 x −1 0 1 2 3

f x( ) 5
6

5
2

7 5. 22 5. 67 5.

x −1 0 1 2 3

f x( ) 1 0 5. 0 33. 0 25. 0 2.

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

ñWÙ s:O|UN! Æs|dJî:uë :v|U|ñ…œ :v8…ñ ñWfiì uë XOÅ:Ëdãœ v|U|ñ…œ s:Oã…œW< Ê«Ë r<U!

  ÆWJ!ñU|œ ÈW¶A8 :vÑ s:O|«b:OÄ :u! vï«u" vëWKáîU< ÆÈË U|ó:|ñœ ñWfiì …bïW! U| vëWã…œW<

 ÈË :v|UN! :vÑ…œW< U|ó:|ñœ9  ø…bïWÇ ñUM|œ ñ«eÙ

 øXOÅ:Ëdã :Èœ :ÈbïWÇ » Ëu!           ÈË U|ó:|ñœ X|œ „Wã…œW< r<U!

 øX|ñ:u!             ˛ :Èœ “Wì v~ïWë

 ø…bïWÇ W¶O! :Èœ Èd:Oîóî…œ p:Oz UM|ñ:u! v¶AÄ “Wì

vã…œW< U|ó:|ñœ

 ©ñUM|œ Ê«ñ«eÙ® UN!

4 3 2 15

12 9.14 8. 10 6. 1 5.6 2.

 Â…œ

 “Wì(m / s)

√

Ü

ê40 cm

8√

Ü

ê

20m /s

(min)

 ∫WJ!ñU|œ ÈW¶A8 vÑ s:O|«b:OÄ :u! vL¶|ñUÖ:uì UëW|WïËu/
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30 ÊUM:OÙ«;ñ

Piecewise Functions

  Æ       ¨        ñWëWÙ ¨…d:Oî˛WN! ñ«œWKÄ UëW|WA8Wï ñWÙ :v|UÙW!

 ÆWA:OJ! :vëW|WA8Wï ñWÙ :v|…ËUîWÇ

 ÆWJ!ñUJOÅ

f x
x x

x
( )

�����

�������
=

<

≥

⎧
⎨
⎩

2 0

0 0
g x

x x

x x

x

( )

�����

������

����� ����

=

− ≤

− < <

≤

2 5

5 8

6 8

2

⎧⎧

⎨
⎪

⎩
⎪

x == −−8x == 5

12

h x

x x

x

x

( )

�����

�����������

����

=

+ ≤ −

− − < <

2 4 8

1 8 5
2 ��������5 ≤

⎧

⎨
⎪

⎩
⎪

x

k x

x

x x

xx

( )

�������

�������

����

=

≤ −

− < <

− <

15 5

5 1

7 12

⎧⎧

⎨
⎪⎪

⎩
⎪
⎪

34

f x
x

x x
( )

�� ����

����
=

< −

− ≤

⎧
⎨
⎩

6 2

3 2
g x

x x

x x
( )

��� �

������
=

− ≤

+ <

⎧
⎨
⎩

12 5

2 5
5

7

6

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````` `````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````` `````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

 œ …bïWÇ :vïUO¶<…Ë«ñ UO:|dë10 ø«œ Ê« :̨Ëñ

 :ÈËWz :̈vJ:Oz U¶ÅWÖ ‰ ÆÊ«bîU$Wz XÅWÖ ËËœ :v|«ñU<5 ¨bïU¶<…Ë«ñ :u8 ö:O§îËd" Ê« :̨Ëñ

 :ÈËËœ U¶ÅWÖ ‰ Ë8 UO:|dë «ñW§ÑUMì È“«ËUO3 ¨bïU¶<…Ë«ñ Ê« :̨Ëñ

 ø…bïWÇ ÊU¶ÅWÖ ËËœñWÙ UïUO¶<…Ë«ñ

ÆXOM:|uM! Ê« :̨Ëñ     ‰ :vK:O§îËd" UïUO¶<…Ë«ñ UO:|dë uë WfiOçM! ñ«œWKÄ Ufi:|ñ UëW|WA8Wï

:̈vJ:Oz UO¶ãW4 ‰ :vë… :̨Ëñ ñWÙ :u! …ñUM|œ             :vïU8Wë:Ëdã :vëñUÄ ‰ :vK:O§îËd" UïUO¶<…Ë«ñ UO:|dë

 ∫Wï« :̨Ëñ …ñUM|œ             :u! ñ«u8 W¶:OÙœ vÅUÄ

√

Ü

ê

20000

17000

x
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 ÊU|WA8Wï s:Oëñ:uÙ:u~N3

U|Wï«Ë

Transforming Functions

 ñWëWÙÆWfiOçM! :vëW|WA8Wï ñWÙ U|WA:OëËUÙ ¨

f x x( )= −2 36g x f x( ) ( )= 2

g x f x( ) ( )= −2 f x x( )= − +3 12

f x x x( )= + +2 2 1g x f x( )= − ( )2
f x x( )= −3 6g x f x( ) ( )= −

4``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

5

8

86

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

f x
x x

x
( )�=

9 1

10

2 −−

−−

−−⎧
⎨
⎪

⎩⎪

x

x

<<

≥≥

0

0

1 Æ:ÈËËœ :Èñ…ËW" ñ:Ëœ ‰         U|…ËWï«œWM:|Ë ˛ W|Ëu!«b|WÄ uë         U|WA8Wï

2 :vJì:uëËUÙ » vïËu¶< »         UïUA:OëWÑ ˛ W|Ëu!«b|WÄ uë ¨         U|WA8Wï2 Æ

3 »         UïUA:OëWÑ ˛ W|Ëu!«b|WÄ uë        U|WA8Wï2Æ:v¶<«ñ :v8…ñ :u! ÊU|WëW|

h x( )f x( )

f x( )

g x( )

k x( )

 ≠∫WJ!ñU|œ vïU":uÄ s:|ñ…ËW" ËËœñWÙ ‰WÖ ‰      Ë      ÊU|WA8Wï ËËœñWÙ s:OM|;d!ËËœuJ:Oz

 ÆWA:OJ!      :v|…ËUîWÇ UMOï«“ :v|:uÙ »      :v|…ËUîWÇ

 ÆWJ!ñUJOÅ

f x( )

f x( )

g x( )

g x( )

h7h

U|WA8Wï Æ             » Ëu! ñËËœ U| ÈË ôUî ˛ uë ¨ËuÇ vëWëñUÄ ˜…ñW!           «“Wì » u8 ôUî ˛ v|UOÇ

v|UOÇ UïU|;ñWÖWÑ :vî…œ ‰ ÆXOM:|uïœ ÊU|WëdÇ » vî…œ ©  ® uë ¨È;d! v|UOÇ UO|ñËËœ :ÈËWz UM"ñUî˛WÙ :u! UëW|Ufi:|ñ

 Æ         U|…ó:|ñ » dë…b:|“ u8 «“Wì ÈËWz ‰Uî :u!

 ÈË ôUî Ë v|UOÇ «ñW§ÑUï ‰ UO|ñËËœ UM"ñUî˛WÙ :u! WfiOçM! :vëW|WA8Wï

 ÆÈö:OÙ tº! :vK:O§îËd" :vëñUÄ ÈËWz :vî…œ ˛     vî…œ :vÄ :vìUî :u! ÈË UïU|;ñWÖWÑ ‰

 UM¶AÙ t3 ˛ ÊUëWìu8 ËËœ UM|ñ:u! v¶AÄ ÈË ôUî ˛ v|UOÇ UO|ñËËœ

 ø…bïWÇ Êö:O§îËd" :vëñUÄ

√

Ü

1 320mD x x( )= 3

x

x

25%

3 m s/

g x( )
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Operations with Functions

 ˛ Ê«ñUO<dÄ UïdëñUJOÅ :u! WMO!ñUJ! ÊU|WA8Wï ÊUÑWz1 U"WÙ18Æ

 ∫WJ!ñU|œ vëW|WA8Wï ñWÙ

  ∫…d:Oî˛WN! ÊUÑWz ˛ :vJOz ñWÙ :v|UÙW!

 ∫WJ!ñU|œ :ÈË :Èñ«u! Ë WfiOçM! W¶:|ËUz U|WA8Wï

 ∫WJ!ñUJOÅ

f x x( ) 1
2==g x x( ) 2==h x x( ) 8== −−k x x( )==

1( )( )gk x2( )( )g h x+3( )( )g h x−

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

4( )( )fg x5( )( )gh x6( )( )f
g x

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

7g k( ( ))98h g( )( )−39g h( )( )−3

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

10k h( )( )1211f g( )( )412f h( )( )1

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

13

19

f g x( )( )14h g x( )( )15h k x( )( )

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

16f k x( )( )17k g x( )( )18k h x( )( )

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

ÆdëñU|œ :ÈË U|Ëuâ:Oì vï«ñU3 ËËœ » ÊUÑx:OÄ vëW"Ëu3 ñWÙ :v|UN! ÊUÑö:OÄ UM":Ëdã UëWïUëËœ :vï«œu8

ÆbïUJÅ«œ vëW"Ëu3 ñWÙ :u!         U|…ó:|ñ » W|UN! ËWz vÅUÄ40%

 ÊUÑö:OÄ :vëW"Ëu3 ñWÙ U|Ëuâ:O" ñWëWÙ25000 ø:vïbïUJÅ«œ v¶AÄ …bïWÇ ÈË :v|UN! ¨Ëu! ñUM|œ

 Æ ©   ® :ÈË U|Ëuâ:Oì :vÄ WM:|uM! :vïbïUJÅ«œ v¶AÄ ÊUÑöOÄ :vëW"Ëu3 ñWÙ :v|UN! Uïbï«uï :u! W¶:|ËUz UëW|WA8Wï √

Ü

C
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Mathematical Models

ÊUO|«b:OÄ ôWî:uë «ËWz †…;ñWM! U|WA8Wï UïdëñU|œ :u! WMO!ñUJ! ñ:uÖWï s:O|…ó:|ñ ÊU| ñ:uÖWï s:O|“«ËUO3

  ÆXOM:|uïœ

12 x 12 20 2416 28

y 0 8. 3 6. 16 2. 72 9. 328 05.

x

0 10. 0 82. 1 45.0 37. 2 26.y

0 3. 0 6. 0 9. 1 2. 1 5.

x 0 06. 0 96. 1 815.0 375. 2 94.

y 0 2. 0 5. 0 8. 1 1. 1 4.

x 2 12 177 22

y −100 −55 40 185 380

x 2 2. 3 0. 3 4.2 6. 3 8.

y 0 68. 4 52. 9 0. 14 12. 19 88.

x 13 25 31 37 4319

y −1 17 35 53 71 89

 ÆXOM:|uM! ÊUO|«b:OÄ UëWìWî:uë ñWÙ WfiOçM! :vëW|WA8Wï

 ÆWJ!ñUJOÅ

56

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

34

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

x −5 5 10 15 200

y 8 6 4 2 0 −2

x 0 3. 1 1. 1 5.0 7. 1 9.

y 2 5. 3 3 6. 4 32. 5 184.

78

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

x 0 32. 4 8. 8 5.2 07. 13 2.

y 0 9. 1 6. 2 3. 3 0. 3 7.

1

x −6 8 151 22

y 15 1 30 12. 102 36. 217 72.

9

11

10

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

 ∫†WëœñU|œ vë…bï:uÖ ‰ ÊUOOºMëUz ©ÊËu!…b:|“® UïËu!WÅWÖ :Èñ«u8 ‰ :v¶A8

 ÆXOM|uM! :v¶A8 s:O|«b:OÄ WfiOçM! :vëW|WA8Wï

 ÆWMO!ñUJ!         ôU< ‰ ÈbïuÖ s:OOºMëUz «ñUî˛ UïbïöîW8 :u! :v|W¶A8 ÈËWz

v¶AÄ ÊôU< «ñUî˛

ôU<

ÊUOOºMëUz «ñUî˛

631

662740825908100310951200

26 21 16 11

√

Ü2020

1974
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Introduction to Sequences

 ∫WfiOçï :vëWJ:Oz ˜ËËœ ‰ p:Oz ñWÙ :u! :vJ:Oz s:O|…œ«;ñ ZM:OÄ

 ÆWfiOçM! :vëWJ:Oz ˜ËËœ ‰ p:Oz ñWÙ :u! ÈU$uÖ Ë ©ñU|œ® «ñWJÅUz UëW|W<UM:OÄ

 ÆWJ!ñUJOÅ

1a an n
=

−
3

1
( ) a

1
1=2a

1
2=a an n

= + −
−

( )
1

1 53a
1

2= −a an n
= −

−
( )

1
2 1

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

;;;

4a an n= − −6 2 1( ) a
1

1=5a
1

1= −a an n
= − −

−
( )

1
21 36a

1
2= −an

an=
− −2

2
1

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

;;;

7a n nn = − +( )( )2 18a n nn = −( )2 19a n nn = −3 2

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

10an

n

= ( ) −
1
2

3
11an

n= − −( )2 112a n nn = −2 2

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

131415

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

16

19

20

1718

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

3
4

3
8

3
16

3
32

3
2

ÊUÑWz ˜ËËœ ‰ v|WM:|Ë s:OK:OÙW¶<«ñ WÇñUÄ «ñUî˛

 Æ…d:Oî˛WN! X:OÙœ ñW§î«ñW! s:O|WM:|Ë

 Æ†WëœñUë ÊôUî s:O|WâäU! UïdJï…˛uï ‰ ñôU<

 ÆX|dÖœñ…Ë :vëWO¶ãW4 ñWÙ Ê«ñUM|œ

 ÆÊWJ!…b:|“        WïôU< ÈË UO:|dë †WëœñeÙ ËWz

 ÆWM:|uM! :vïdJïËËñ :v|WM:|Ë » :vJ:Oz ˜ËËœ ‰ p:Oz :ÈËWz

 ÆWJ§H<…Ë :È“«u:OÅ

 v¶AÄ X|dÖœñ…Ë :vëWO¶ãW4 ñWÙ ‰ ñôU< UO:|dë ËWz5ÊôU<

  ÆñUM|œ ñ«eÙ s|d¶J|e:Oï :u! …d:Oî˛WN!

50 000

4%

√

Ü

ê

8 ;16 ; 24 ; 32 ; 40 ; ...

;    ;    ;    ;    ; ...

2.5 ; 1.6 ; 0.9 ; 0.4 ; 0.1 ; ...

10 ; 7 ; 4 ; 1 ; -2 ; ...

3 ; 6 ; 11 ; 18 ; 27 ; ...

5 ; 1 ; 0.2 ; 0.04 ; 0.008 ; ...
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 …dO$“

U|Wï«Ë

Series

 ≠∫WfiOçM! vîW3ñW< :v|UL:OÙ UïUMOzñUJ! :vë…dO$“ ñWÙ

 Æ…d:Oî˛WN! vîW3ñW< vÅUÄ ¨WëWÑ :vë…dO$“ ñWÙ

 Æ…d:Oî˛WN! :vëW|…dO$“ ñWÙ :vîW3ñW<

 ÆWJ!ñUJOÅ

14ñWÙ :ÈËËœ « :̨Ëñ ‰ ÆÊWJ! «b:O|WïU|œ :v|ñ«bJAÄ :u! ˛ ÊdJ|“«ñ u8 s:OìUÑWÙ ËËœ Ë dJ¶<Ëñœ :v¶OïñW¶MOz UëW|WïU| U|ñWë…“

ÊdJ|“«ñ u8 s:OìUÑWÙ ËËœ vëWî«bïWz ñWÙ :vO:O< « :̨Ëñ ‰ ¨ÊWJ! :v|WïU| ‰ :v|ñ«bÅW! :u! ˛ ÊdJ|“«ñ :u8 s:OìUÑWÙ ËËœ vëWî«bïWz

 ÆÂU9 UëWO¶ãW4 :v|…ËUî ‰ ÊËu§î«Ë…œñW! È…u:OÅ vÑWz » Ë :̈v|WïU| ‰ :vïdJ|ñ«bÅW! :u! ˛

 ÆÊ« :̨Ëñ    UOÙUîËœ ‰ XOM:|uM! :v|WïU| s:Oî«bïWz «ñUî˛ WfiOçM! :vë…dO$“

 Æ:vJ:Oz UO¶ãW4 UOÙUîËœ ‰ XOM:|uM! :v|WïU| s:Oî«bïWz «ñUî˛ WfiOçM! :vëW|…dO$“

  ø:vJ:Oz UO¶ãW4 UOÙUîËœ U"WÙ bïWÇ WM! :Èœ :v|WïU| s:Oî«bïWz «ñUî˛

− + − + −2 4 8 16 321
10

1
100

1
1 000

1
10 000+ + + 12

78

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

− − + + + +6 1 4 9 14 191
3

1
6

1
9

1
12

1
15

1
18+ + + + + 34

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

7 13 19 25 31+ + + +− + − + − + −1 1 1 1 1 1 1 56

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

5 2

1

4
k

k

−

=
∑

( )−∑
=

2
2

6 k

k
( )70 2

30

39
−∑

=
k

k

k
k 44

8

=
∑

3
12

20

k=
∑k

k=
∑

1

40
k

k

2

1

10

=
∑

 ÆWëWÑ

 Æ…d:Oî˛WN! vîW3ñW<

√

Ü

Ü

GC

Ü

9

1113 12

10

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

√

√

Ü

GC

Ü

n

ê

 ÆWëWÑ

  Æ…d:Oî˛WN! vîW3ñW<

 ÆWëWÑ

 Æ…d:Oî˛WN! vîW3ñW<

 ÆWëWÑ

  Æ…d:Oî˛WN! vîW3ñW<
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Arithmetic Progressions (Sequences) and Series

≠∫WJ!ñU|œ ˜ËËœ ‰ :v|Wï«œ Ë WMOâM! ÆWï ÊU| WO|…ñUî˛ U| „WJ:Oz ˜ËËœ ‰ p:Oz ñWÙ :ÈñWz ¨WJ!ñU|œ

 Æ…d:Oî˛WN! :v|…ñUî˛ UJ:Oz ˜ËËœ ‰ p:Oz :vÑWz ‰ :Èœ“«ËËœ :v|…œ«;ñ

 Æ…d:Oî˛WN! v|…ñUî˛ UJ:Oz ˜ËËœ ‰ p:Oz :vÑWz ‰ ñU|œWï :v|…œ«;ñ

 ∫…d:Oî˛WN! v|…ñUî˛ UJ:Oz ˜ËËœ ‰ p:Oz :vÑWz ‰ :vÙ…œ :v|…œ«;ñ

 ÆWJ!ñUJOÅ

1

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

2

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

3

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

4

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

13
10

23
10

14
5

4
5

9
5

5

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

6

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

7

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

8

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

 ;`````````````````````  ;`````````````````````  ;`````````````````````; ;.... ;`````````````````````  ;`````````````````````; ;.... 9

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

10

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

5923 3−4

 ;`````````````````````  ;`````````````````````  ;`````````````````````; ;... ;`````````````````````  ;`````````````````````;```````````````````` ;````````````````````;````````````````````;```````````````````` ;      ;.... 11

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

12

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

62735

ËË 13

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

14

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

−7

a
4

12=a
3

37=

a
41

62=

a
17

12= − a
7

20 4= .

ËË
15

17

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

16

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

a
13

5= −a
25

18= a
18

51= −

@MÙUz :vî…œ ‰ ÆvëW8…ñ ‰ vëW<Wë ñWÙ :vN3 ¨W|WÙ ñ:Ëœ ‰ ÊU<Wë ñ«uÇ :vN3 ¨W|«b:O" Ê«e:Oî vë…ñ:u3 :vëWÙW~ïñ«u8 ô:uÙ

ñ:Ëœ ‰ ÊU<Wë ‘WÅ :vN3 Ê«e:Oî ËËœ ñWÙ uë ¨ó:|ñœ Uë…e:|ñ :Èu:OÅ » ÊWëœe:|ñ WÑ ËËœuJ:Oz XAOïW¶! Ê«e:Oî Ê«ËWz :̈vï«d:OÖ

 :vN3 Ê«e:Oî :v<ñWÙ Ë XO!WÙ8 ñWÙ Ë ¨XO!WÙ ñ:Ëœ ‰ ÊU<Wë4 :vN3 Ê«e:Oî10X:OÑœ Ê«e:Oî bïWÇ ÆXO!WÙ ñ:Ëœ ‰ ÊU<Wë

 UM"dÖñ…Ë :u! ÊWJ!e:|ñ WçJ:OÄ40 øÊU<Wë

41 ; 24 ; 7 ; -10 ; -27 ; ... 

;    ;    ;     ;    ...

6 ; -6 ; 6 ; -6 ; 6 ; -6 ; 6 ; -6 ; ... 

2 ;4 ; 8 ; 16 ; 32 ; 64 ; ...

21 ; 32 ; 43 ; 54 ; 65 ; ... 

1.8 ; -1.1 ; -4 ;  -6.9 ; -9.8 ; ...

3.7 ; 3.3 ; 2.9 ; 2.5 ; 2.1 ; ... 

-8 ; -2.75 ; 2.5 ; 7.75 ; 13 ; ...
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 v|…“«bïWz s:O|…dO$“ Ë p:Oz ˜ËËœ ‰ p:Oz

U|Wï«Ë

Geometric Progressions (Sequences) and Series

¨WMOï Wï«Ë ˛ „…ñ:u3 êOÙ ÊU| ¨WO|…ñUî˛ ÊU| ¨WO|…“«bïWz :ÈñWz ¨WJ!ñU|œ :vJ:Oz ˜ËËœ ‰ p:Oz :Èñ:u3

 ≠∫WJ!ñU|œ :ÈË :v|WMOâM! ¨Ëu! v|…ñUî˛ ÊU| Ëu! :v|…“«bïWz U| ñWëWÙ

 Æ…d:Oî˛WN! v|…“«bïWz UJ:Oz ˜ËËœ ‰ p:Oz :vÑWz :v| :vÙ…œ :Èœ«ñ

 Æv|…“«bïWz UJ:Oz ˜ËËœ ‰ p:Oz :u! :v¶ÅWÙ :v|…œ«ñ UM"ñUî˛WÙ :u! WMO!ñUJ! ÊUO|«b:OÄ ÊUÑWz

 Æ…d:Oî˛WN! Ê«ñUî˛ :vëW"Ëu3 ñWÙ :u! v|…“«bïWz :ÈbïWÑUï

 ∫…d:Oî˛WN! v|…“«bïWz Uë…dO$“ ñWÙ :u! Èdë“«u8«œ :vîW3ñW<

1

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

2

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

3

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

4

5

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

6

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

8 7

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

10 ËË 9

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

a
3

12=a
6

96=a
15

100=a
17

25=

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

12 ËË

2 Ë82 Ë33 Ë2

11

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

a
13

36= −

S
7

a
11

4= −a
3

4= −

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

17

18

      ´      ´       ´       ´ ÆÆÆ  È…dO$“ W! 16

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

a
5

36= −

1315 14

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

( )− −

=
∑ 4 1

1

8 k

k

˛ p:Oz ñWÙ U<…ËñWÙ Ë ¨†WJ:|dã u8 s:OìUÑWÙ Á…œ :u! ËWz ö! Ëu!dë :ÈË ˛ È“«u8«œ :̈vMOÑô W¶AÙWÖ vïËd¶JOìWz UëW|WîUï

«b:O¶ÅWÙ :v¶<Uzœ s:O|WîUï «ñUî˛ ÆËu! Â«Ë…œñW! È…u:OÅ vÑWz » …ñUë ˜Wz uë Wï«œ U<…Ë Æ†WJ:|dã u8 s:OìUÑWÙ Á…œ :u! ÆÊ«Ë

  øÊËu! bïWÇ 5"UÙ

 ÆWJ!ñUJOÅ

3781264214

1.1 ; -3.3 ; 9.9 ; -29.7 ; 89.1 ; ... 

1 ; 2 ; 6 ; 24 ; 720 ; 120 ; ...

-18 ; -7 ; 4 ; 15 ; 26 ; ... 

3125 ; 2500 ; 2000 ; 1600 ; 1280 ; ...

1600 ; 800 ; 400 ; 200 ; ... 

-64 ; 96 ; -144 ;  216 ; ...2 ; -6 ; 18 ; -54 ; ...

0.0000001 ; 0.00001 ; 0.001 ; 0.1 ; ...
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Mathematical Induction

 ÆWïËu§J|e:OMJ:Oì U| ÊU| WïËu!d|ËbJOì U| v|…“«bïWz U|…dO$“ :ÈñWz ¨WJ!ñU|œ

 Æ…u:OÅ s|d"…œU< » WfiOçM! „W"ñWë „…Ë ÈñË…œ U| v|…ó:|ñ UëW|…ñUî˛ ñWÙ

 ∫Ëu!WÙ ñWÖWz …d:Oî˛WN! pOÙUîËœ :v! U| v|…“«bïWz Uë…dO$“ ñWÙ :vîW3ñW<

 ÆWMO! :vëW|…˛«ËW¶<…œ ñWÙ UïbïUÅ…uìWÙ :u! :vëW|WïËu/ …˛œ

 ÆWJ!ñUJOÅ

1

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

2

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

81
625

27
125

9
25

3
5 1+ + + + + ...1 3

5
9
25

27
125

81
625− + − + − ...

3

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

4

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

7 7
4

7
16

7
64+ + + +�...500 300 180 108− + − +...

5

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

6

`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

1
4

4
31

( )k

k=

∞
∑99 4

91
( )−

=

∞
∑

k

k

13

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

14

15

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

2 2− <n nn n3 3>

016.0 016.0 016. 79 8
`````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

0 045.01.0123. 1012 11

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

 ∫Ê«œ W¶:OÙœ :u! v|…u:OÅ vÑWz » Ë ¨XãWëñ…œ œ«“d:OÅ :u! „W"ôW8200ôU< ‰ ñUM|œ ÊuOìWî

 ÆÊ«œ W¶:OÙœ :u! d¶A:OÄ ôU< :ÈñUÄ UçOï Èœ UëWìU< ñWÙ ‰ ¨Ê«œ WM:OÙœ :vJ:Oz

 ÆWfiOçM! :v|…dO$“ :vÑWz :u! :vJ:Oz s:|œ«;ñ ñUÇ ñWÙ

ôU< ‰ v|…ñUÄ ÈËWz vïËuï :v|…œ«;ñ uë ¨WfiOçM! v|…“«bïWz UJ:Oz ˜ËËœ ‰ p:Oz :vÑ :u! «ñWJÅUz UëW<UM:OÄ

n ÆXOM:|uM! X|dÖœñ…Ë

 ÆWMOKîW‹! X|dÖœñ…Ë :vJ:Oz s:OìU< Á…œ ‰ œ«“d:OÅ :v|…ñUÄ ÈËWz

 øXO! bïWÇ :Èœ X|dÖœñ…Ë :v|…ñUÄ ÈËWz :vîW3ñW< ¨X|ó! pOÙUîËœ :v! œ«“d:OÅ ñWëWÙ

√

Ü

ê

O
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 U|U<U|Sin ËCos

U|Wï«Ë

Low of Sine and Cosine

 UïUMOzñUJ!:̈Èd:Oîó!:ÈœW< ˛ ‘W! s|d¶J|e:Oï :u! ÊUç<ñW! ¨…d:Oî˛WN! v|WÅ:u~:O< s:O|…ó:|ñ :v<ñWÙ s:O|UÙW!

  ÆWJ§J|e:Oï

 U|U<U|Sins|d¶J|e:Oï :u! ÊU|ó:|ñœ s:OïUçOÄ ¨WMO!ñUJ! :vëWïUçOÄ ñWÙ UM"ñUî˛WÙ :u!

 ÆWJ§J|e:Oï WKÄ s|d¶J|e:Oï :u! ÊU|WÅ:uÖ s:OïUçOÄ Ë ¨p:O£Ù…œ

 U|U<U|Coss|d¶J|e:Oï :u! ÊU|ó:|ñœ s:OïUçOÄ ¨WMO!ñUJ! :vëWïUçOÄ ñWÙ UM"ñUî˛WÙ :u!

 ÆWJ§J|e:Oï WKÄ s|d¶J|e:Oï :u! ÊU|WÅ:uÖ s:OïUçOÄ Ë ¨p:O£Ù…œ

13 2 ``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

1012 11

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

1315 14

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

1618 17

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

1921 20

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

``````````````````````````````````````````````````````````````````````

``````````````````````````````````````````````````````````````````````

``````````````````````````````````````````````````````````````````````

``````````````````````````````````````````````````````````````````````

``````````````````````````````````````````````````````````````````````

``````````````````````````````````````````````````````````````````````

46 5

79 8

BCDEGH

EF BD YZ

sin 111º

sin 92º

sin 170º

cos 150º

cos 129º

cos 96º

tan 163º

tan 99º

tan117º

m J

m Im Mm S

m Rm T

27.4 m

8 km
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Trigonometric Functions

ÆWMO!ñUJ! :vëW|WA8Wï ñWÙ :v|…ËUîWÇ UïUA:OëWM:|Ë :u! †…;ñWM! s:O| v|WÅ:u~:O< s:O|WA8Wï s:O|…ËUîWÇ

 s:OïUM:OÙ«;ñ ËËœñWÙ ‰ :vïËu!…ñU!ËËœ ©:vî…œ® :v|…ËUî Ë :vOÙ…dã1 Ë2 ÆWJ!ñU|œ

® UïUM:OÙ«;ñ ‰ :vM|;d!ËËœuJ:Oz s:OìU8 Ë :vïËu!…ñU!ËËœ :v|…ËUî3 ÆWJ!ñU|œ :È ©

ÆWMO!ñUJ! vëW|WA8Wï ñWÙ :v|…ËUîWÇ UïUA:OëWM:|Ë :u! †…;ñWM! s:O| v|WÅ:u~:O< s:O|WA8Wï s:O|…ËUîWÇ

 s:OïUM:OÙ«ñ ËËœñWÙ ‰ v|ËËñ Uï«œô Ë v|:u<Uz s:OM|;d!ËËœuJ:Oz 5 , 4‰ Ê«ñUMëñ…œ Ë :vïËu!…ñU!ËËœ :vî…œ ÆWJ!ñU|œ

® UïUM:OÙ«;ñ6  ∫WJ!ñU|œ :È©

 ÆWJ!ñUJOÅ

h x x( ) cos= −( )π
4

k x x( ) cos= 3 2πg x x( ) tan= 2 2
π b x x( ) sin= −5 π 13 2

h x x( ) sin= +( )π
4h x x( ) tan= +( )π

3 46

7

5

 U|WA8Wï :v|…ËUîWÇSinUëWK:OÄ UïUA:OëWM:|Ë :u! WMO!ñUë »

WëdÇ           :vïËu!…ñU!ËËœ :vî…œ ñWëWÙ ¨v~ï…œ ©‰:uÄWÅ®

 ÆXO!          :ÈË UOÙ…dã Ë

 ø©Ê«e"d:OÙ® » …bïWÇ :vK:OÄ :vÑWz UïËu!…ñU!ËËœ

0 002.

2 cm

√

Ü
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U|Wï«Ë

Fundamental Trigonometric Identity

  ∫WMO*Wfi! :Èñ«u8 ‰ ÈWÅ:u~:O< UëWîU$WzËUÙ ñWÙ

≠∫WJ!…œU< vÅUÄ ¨WfiOçM!       :vÄ vë…;d! ñWÙ

 ÆWJ!ñUJOÅ

sin sin
tan

2 2 1
2

1θ θ
θ

+ =

+

1 1
2 2

2

tan tan
cos

θ θ
θ θ= 2cosθ θ− 12

tan tan2 θ θ− 2 sin θ2 sin θ= 2sin cos
sin cos cos cos

θ θ
θ θ θ θ
+ = +1 1

sinθ
34

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

cos θθ

2 1sin cos tanθ θ θ
1 1

1

+

+
tan

tan
(sin cos )

θ

θ
θ θ

cos sin sin4 4 2θ θ θ− + 5

8

7 6

````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````` ``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

 UïdëñU|œ :u! WMO!ñUJ!                                   U|WA:OëËUÙ

  dÙ…u8 vëW|ËËñ ñWfiì Èñ«œ UëW|:uìUáÅWÅ :u! :vïbïUfiOK8 U|WÅ:uÖ

 Æ             ñWëWÙ XO! ÈUï«œ :ÈdãW! ˛ ;ñW" Ë

mg mgsin cosθ μ θ=

μ = 0 17.

2cos θ
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W!:uÙ ñ«ËñW! ˜Uï

 ÊUM:OÙ«;ñ

:v|“«ËUO3 Ë ÂW3ñW< s:OîU$WzËUÙ

U|Wï«Ë

42 ÊUM:OÙ«;ñ

Sum and Difference Identities

 ≠∫…d:Oî˛WN! vë…;d! ñWÙ :u! X<Ëñœ :v|UÙW!

 ÆWJ!ñU|œ :vëWîU$WzËUÙ ñWÙ UO¶<Ëñœ

Æ                 ¨           Ë              ¨            UïUMOzñUJ! ¨…d:Oî˛WN! vë…;d! ñWÙ :v|UÙW!

13 2

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

911 10

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

sin π
12cos 3

4
π tan 7

6
π 46 5

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

78 sin cosx x−( )=3
2
π

sin( )A B+cos( )A B+tan( )A B+

12

15

16

14 13

```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

tan( )A B− cos( )A B− sin( )A B−

cos sinx x−( )=π
2

cos = 12
13Asin = 8

17
B

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````` ```````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

 ÆWJ!ñUJOÅ

†…;ñWM! ôU8 ñ:Ëœ ‰ Ê«œñË…œ W"UÙ W|WÅ:u~:O< ˜Wz Ë ¨s!          U|WÅ:u~:O< s:|ñW<               ¨               ¨             ¨          ñWëWÙ

≠∫ÈœW< ˛ ‘W! s|d¶J|e:Oï :u! ÊdJJ|e:Oï » …d:Oî˛WN! ÈWM:|Ë U|WÅ:u~:O< s:|ñW< s:OïU":uÄ   ¨           U|WÅ:uÖ »

 ÆWfiOçM! XOM:|uïœ :v|WÅ:u~:O< :v|dëe:|ñ Ë :vï«œñË…œ :v|dëe:|ñ

 ÈdÖ :vJM! UO:|ñ :ÈËWz U|ó:|ñœ Æ©      ® vë…dÖ :ÈñW< U|WÅ:uÖ …“ñW!

ø…bïWÇ ÈdÖ UOÙ«bMK! ÆËu!            XMOÙWÖœ ÈË :ÈñW< ‰WÖ ‰

 Æ…d:Oî˛WN! ÊUO|dëe:|ñ ËËœñWÙ Uï«bJ:Oì :vîU$Wz

 ÆWfiOçM! Èdë“«u8«œ s:OïU":uÄ

√

Ü

ê

800m

ABCA( ,� )1 0B( ,� )10 0C( ,� )2 6

cos 120ºsin 315ºtan 255º

0 ≤ A ≤ 90º90º ≤ B ≤ 180º

15º

60º

A CB
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W!:uÙ ñ«ËñW! ˜Uï

 ÊUM:OÙ«;ñ

Æ:v|WÅ:uÖ UçOï Ë :v|WÅ:uÖ vï«ñU3ËËœ s:OîU$WzËUÙ

U|Wï«Ë

Duble-Angle and Half- Angle Indentities

 ∫…d:Oî˛WN!         ¨        ¨

 ÆñWëWÙ …d:Oî˛WN!       ¨        ¨

 ∫WMO*Wfi! :vëWîU$WzËUÙ ñWÙ

sin 2θθcos 2θθtan 2θθ

0 2< <θ π sinθ = 6
10

12

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

π θ π< < 3
2 cosθ = − 12

13 Ë Ë

π θ π2 < < tanθ = − 5
6

34

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

3
2 2π θ π< < sinθ = − 2

3 Ë

   Ë   Ë

 Ë

2 2 12cos cosθ θ= +tan cos
sinθ θ

θ= −1 2
2

56

cosθ = 3
5 1011

cos 7
12
πsin 11

12
π 79 8

``````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````````

sin 2
θθcos 2

θθtan 2
θθ

sinθ = − 5
3

 ÆWJ!ñUJOÅ

12 ÆXO!         ÈË UOÙ«bMK! Ë ¨X|dÖœWÑ v¶AÖ vëWâ8U! :ÈœñWz ñW< ˛ :v|u<Uz          U|ó:|ñœ „WJïUfiOK835 m12 m

∫:Èñ«u8 ‰ v|WÅ:u~:O< vë…;d! ñWÙ :u! X<Ëñœ s:O|UÙW! UM"ñUî˛WÙ :u! WMO!ñUJ! :ÈWÅ:uÖ UçOï s:OîU$WzËUÙ

 ÆWfiOçM! XMOzbJ:OÄ ÈœñWz :v|ËËñ ‰WÖ ‰ pïUfiOK8 uë    UÅ:uÖ :vÄ v|WÅ:u~:O< UëWA:OëËUÙ

UïbïUfiOK8 U|WÅ:uÖ UïUçOÄ vï«ñU3ËËœ :ÈË UïUçOÄ †Wëb¶<Ëñœ ÈœñWz :v|ËËñ ‰WÖ ‰ :vëW|WÅ:uÖ Èœ UëWJïUfiOK8

:u! WfiOçM! vë…d! Æ†dÖœWÑ :vJ:Oz UJïUfiOK8 :ÈœñWz U| v|:u<Uz U|ó:|ñœ ÊUîWÙ ÈËËœ UJïUfiOK8 ÆËu! :vJ:Oz

 ÆÈœñWz ñW< ˛ ÈËËœ UJïUfiOK8 :v8…ñ UOÙ«bMK! UM"ñUî˛WÙ

 ÆWJ§J|e:Oï d"Wî s|d¶J|e:Oï :u! :vç<ñW! ¨…d:Oî˛WN! ÈËËœ UJïUfiOK8 UOÙ«bMK!

√

Ü

ê

θ

tan 22.5º

180º < θ < 270º 270º < θ < 360º
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1

W!:uÙ ñ«ËñW! ˜Uï

 … :̨Ë;dÄ

s|d:|“ s:OïW"

:vÅW!

1

® vëôUÇ1 vï:u"öãWz s:OïW" ∫©Platonic Solids

v|ËËñ bïWÇp:|ñ :v|ËËñ bïWÇ s:O|ËËñ ËuîWÙ ¨ÊU|ô :vÄ Ê;d!œ ËËœuJ:Oz WïËËñ ËWz ¨X:OÙbJ:OÄ d"…b:|“ ÊU| ÊU|ô bïWÇ ñUÇ ˛

:Èœ ÈËËñ bïWÇ s:O|ô ˛ vëW|ô ñWÙ :vÄ Ê;d!œ ËËœuJ:Oz uë s:O|ËËñ Ê«Ë «ñUî˛ U<…ËñWÙ Æ5|Ëu! †Ëu3 Ë p:|ñ s:O|ô bïWÇ WM!œ

 p:|ñ s:O|ËËñ bïWÇ Wïó:O!œ Æs! ÊUfiëW|Ævï:u"öãWz s:OïW" :v|ËËñ bïWÇÆÊUïW" Ê«Ë ˛ WJ:Oz È…œ“«ËËœ:Èñ«u8 ‰ s:O|ULM:|ñ ˜ËËœ ‰

  Æp:|ñ v|…œ“«ËËœ vëW|ËËñ bïWÇ :u! WJ! X<Ëñœ :vëWKáîU<

ÆWJ§¶<Ëñœ ñW§î«ñW! :vO¶fi8«ñ ˛ ÊUï«œ ËËœ :vï:u"ñUë UïUMOzñUJ!

 ÆWMOîWâ! Ê«Ë s:O|ô ñ«bìU8 s:OK:OÙ ˜ËËœ ‰

2Ë ¨Wï«œ ËËœuJ:Oz ñWfiì :vï:u"ñUë s:O|WÇñUÄ ËËœñWÙ

‰ vë…Ë ñWÙ ¨Wï«œ Ê«Ë ñ:Ëœ ‰ :vJ:O¶<ô UëW¶|ñWÅ

 ÆÈdëñU|œ :Èñ«u8

3‘«u:OÙ ÊUO|ô bïWÇ Ê«Ë :vJO¶<ô U¶|ñWÅ WK:ON!

vëW|ËËñ bïWÇ UïdJ¶<Ëñœ u! †WJ!bMK! ‘«u:OÙ

  ÆÈ…œ“«ËËœ vJ:|ñ

44 ÊUM:OÙ«;ñ
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1

W!:uÙ ñ«ËñW! ˜Uï

 … :̨Ë;dÄ

©:uJÅUÄ® s|d:|“ s:OïW"

:vÅW!

 vëôUÇ2 ”bOîW8ñWz s:OïW" ∫Archimedean Solids

s:O|ô bïWÇ ”bOîW8ñWz :vïW" s:O|ËËñ ËuîWÙ ÆUOO"dÖñ…Ë ”bOîW8ñWz vI|dãWz :v|Uï«“ :vÑUï ˛ :u8 :vÑUï ”bOîW8ñWz s:OïW"

ÆWïËËœuJ:Oz „…Ë vë…ñW< ñWÙ ñ:Ëœ ‰ ÊU|ô bïWÇ U|bïW!e:|ñ vëW3ñWî » X|dÖœWÑ:u‹! ÊU|ô bïWÇ s:|ñu3 ËËœ vL:OJ! uë ¨sJ:|ñ

1ÆWMOîWâ! ñ«bìU8 s:OK:OÙ ˜ËËœ ‰ Ë …;d§! :vëWïËu"ñUë ñWÙ ÆWJ§¶<Ëñœ :vï:u"ñUë ˛ :Èñ«u8 ‰ :vO¶fi8«ñ ˛ ÊU|Wï«œ ËËœ

WJ!WÑ;d8 ÊU|ËËñ íOï ËËœñWÙ vÅUÄ Æ«œ vëW|ËËñ bïWÇ íOïœ v¶fi8«ñ ËuîWÙ UïdëWÑ;d8 :u! WMO!ñUJ! …b:|“ s:O|WÇñUÄ

 ÆWO|bOîW8ñWz vëW|ËËñ bïWÇ v¶ãWëW" X<…b! :v|ËËñ bïWÇ ËWz ÆÂU9 vëW|ËËñ bïWÇ UïdJ¶<Ëñœ :u!

 øWOOÇ ÈñW< ‰ :vO¶fi8«ñ ˛ vë…ñW< ñWÙ ñ:Ëœ ‰ ÊU|ô bïWÇ :Èñ:u3 2

 ø…bïWÇ vë…ñW< ñWÙ ñ:Ëœ ‰ vë…ñ:u3 ñWÙ ˛ ÊU|ô bïWÇ «ñUî˛

ø…bïWÇ :v|ËËñ bïWÇ ÈËWz :ÈñW!ËËñ

3

4

:ÈËWz vÅUÄ Æ:v* » v|ËËñ bïWÇ UïdJ|ó" :u! WMO!ñUJ! :vïuë :ÈËWz ÆWJ§¶<Ëñœ v|ËËñ bïWÇ vë…ñW< pMì „Ëuâ! UëWïuë

bïWÇ :ÈñU!Wè UM"ñUî˛WÙ :u! WMO!ñUJ! :vëWìËuì :ÈñU!Wè U|U<U| Æ:vëWëWìËuì ˛ d"…b:|“ ÊU| «b:OëWìËuì ˜Uïœ WëôUÑ :v*

  ÆWJ§J|e:Oï ÈUº:O< :Èd"WLO¶ïW< s|d¶J|e:Oï :u! :vç<ñW! Æ:v|ËËñ

5
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W!:uÙ ñ«ËñW! ˜Uï

 … :̨Ë;dÄ

vïUL<Wz UOÙ«bMK! ‰

:vÅW!

46 … :̨Ë;dÄ

 vëôUÇ1Â:uNï Â:uNï ∫

1øX|dÖœWÑ:u‹! s:Oî:uNï «ñUî˛ Ë vëW3ñu! UOÙ«bMK! «ñW§ÑUMì W|WÙ vK:OÙ UëW|bï…u|WÄ uë ÈWëœ ñ…ËU! u" :ÈñWz

 ÆWJ§ïËñ :u8 Uç<ñW!

3® «ñUO<dÄ ‰ W" U|WïËu/2 ˛ vëW3ñu! UOÙ«bMK!  ÆWMO!ñUJ! ÈdëñU|œ :È©140s:Oî:uNï «ñUî˛ ø…bïWÇ XO§"UNJ:OÄ ÊUî:uNï

     ÈË UOÙ«bMK! vëW3ñu!700 ø…bïWÇ XO!

4 øWJ!ñU|œ Ëuï U|WïËu/ Ë ¨›X<…u|WÄ¤ :ÈË«;ñ:uÖ Ë :u8W!ñW< :ÈË«;ñ:uÖ «ñW§ÑUMì WJ! :Èñ:uÖuìUz

 øXOM:|uïœ ı ÈËËœ :Èñ…ËW" ‰WÖ ‰ ÈË UM|;d!ËËœuJ:Oz øXOM:|uïœ ı Ëuï U|WïËu/ ‰ Èñô

2œ«“Uz :ÈË«;ñ:uÖ „…Ë ÊUî:uNï «ñUî˛ Æ†WëœñU|œ Ê«Ë s:Oî:uNï «ñUî˛ Ë ÊU3d! ËËœ UOÙ«bMK! ñWfiì ÊUO|«b:OÄ :Èñ«u8 ‰ :v¶A8

 ÆWMO!ñUJ! ›u8W!ñW<¤

 øXM|uM! v3ñu! UOÙ«bMK! Ë ÊUî:uNï «ñUî˛ «ñW§ÑUMì U|bï…ËWÄ ¨WJ!ñU|œ vK:OÙ UëW|WïËu/

 ø«b:OïËu/ :vÑWz U|WA:OëËUÙ œ XOM:|uïœ ı Èñô

UïU|˛œ W|WÙ „WïUî«;ñ :vOM|;d!ËËœuJ:Oz :vÑWz :ÈñWz øXOM:|uïœ ı :ÈËËœ :Èñ…ËW" ‰WÖ ‰ :vïËu/ :vÑ UM|;d!ËËœuJ:Oz

 ø«œWï« :̨Ëñ

 Ãñu!ÊUî:uNï «ñUî˛ ©  ® vOÙ«bMK!

 ÈW!Ëœ :v3ñu!

U|eOìUî ‰ pL:OÇ s:O3ñu! ËËœñWÙ

162818

452 88

m

m

ÈË UOÙ«bMK! ¨«œ vëWÇñu!œ ÊUî:uNï «ñUî˛ UM"ñUî˛WÙ :u! WMO!ñUJ! Ëuï U|WïËu/700mÊUîWÙ v¶|œ W" Uç<ñW! :ÈñWz ÆXO!

® «ñUO<dÄ ‰ Wç<ñW!3 ø:È©

√

Ü

ê
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W!:uÙ ñ«ËñW! ˜Uï

 … :̨Ë;dÄ

›:uJÅUÄ¤ vïUL<Wz UOÙ«bMK! ‰

:vÅW!

 vëôUÇ2 d"bMK! Ë bMK! ∫

1„…bMÙ ÆÊ«d"Wî » :vOÙ«bMK!Ë ©:u8W!ñW< :ÈË«;ñ:uÖ® ÊUî:uNï «ñUî˛ «ñW§ÑUMì †WJ!ñU|œ :v|bï…u|WÄ ¨WJ§¶<Ëñœ :vïdJïËËñ s:OìU8

s:OìU8 ÆXM:|uM! ÊUO:OÄ » :vOÙ«bMK! Ë ©u8W!ñW< :ÈË«;ñ:uÖ® ÊUî:uNï «ñUî˛ «ñW§ÑUMì :v|bï…u|WÄ WJ§¶<Ëñœ :vïdJïËËñ s:O| Èœ s:OìU8

 ÆÊ«d"Wî » :vOÙ«bMK! Ë ©u8W!ñW< :ÈË«;ñ:uÖ® :vïdJ¶<Ëñœ ôU< «ñW§ÑUMì †WJ!ñU|œ :v|bï…u|WÄ ¨WJ§¶<Ëñœ :v:OO< s:O| :vïdJïËËñ

2U|WA:OëËUÙ Æ:vïdJïËËñ s:OìU8 ËuîWÙ u! WA:OJ! u8 s:OïËu3u! ˜ËËœ ‰ :vïbï«uï :vK:OÙW¶<«ñ s|d¶ÅU! Ë ¨WMO!ñUJ! :v|W¶<«ñ

 ÆWJ!WM:|Ë Ë ¨WJ!ñU|œ vK:OÙW¶<«ñ ÈË

3:vJì:uëËUÙ Ë :vëW|bï…u|WÄ ñWÙ :u! ¨Êbï«uï s|d¶ÅU! :vK:OÙW¶<«ñ UA:OëËUÙ UM"ñUî˛WÙ :u! WMO!ñUJ! :vïdJïËËñ «d:Oîó!

 ÆvëW"WìU4 ñWÙ ‰ WJ!ñU|œ Ê«Ë«;ñ:uÖ ËËœñWÙ «ñW§ÑUMì vKOÙ Uï«b:|dÖ WçJ:OÄ «ó:OÙ å:vï«b:|dÖ WçJ:OÄò ÆX<…u|WÄ

4 ñWëWÙ ÊUO:OÄ » vëW3ñ:u! UOÙ«bMK! UM"ñUî˛WÙ :u! WMO!ñUJ! Êbï«uï s|d¶ÅU! :vK:OÙW¶<«ñ95Æs!WÙ Â:uNï

5 ñWëWÙ Ê«d"Wî » :vëW3ñ:u! UOÙ«bMK! UM"ñUî˛WÙ :u! WMO!ñUJ! Êbï«uï s|d¶ÅU! vK:OÙW¶<«ñ95 Æs!WÙ Wî:uNï

6WJ§ïËËñøXO! ÂUîW" :Èœ              :ÈË UOÙ«bMK! :vëW3ñu! ‰U< ı ‰ ÈWëœ vMO§A:OÄ u" ¨v¶|œW" U|WïËu/ » 7<W! XAÄ

 ÆXO! ñËuÙ U| :vO:O< U|WïËu/ ñWëWÙ

 Æ†WëœñU|œ :vïUNO3 s:O3ñ:u! s|d¶~ïdÖ ñWfiì ÊUO|«b:OÄ Èñ«u8 ‰ :v|W¶A8

 Ãñu! t3ÊUî:uNï «ñUî˛ ©Ê«d"Wî® » vÙ«bMK! ÊUOOÄ » vÙ«bMK! :vïdJ¶<Ëñœ ôU<

ñeO< :v3ñ:u!v"d~J:Oz s:O"ô…Ë

v"d~J:Oz s:O"ô…Ë

 Ê«u|U"

≠ ÈUN~ïUÅ

 5Ç

 U|eOìUî

 „ñu|uOï

 „:uë @ïuÙ

≠ ÈUN~ïUÅ

 5Ç

≠ ÈUN~ïUÅ

5Ç

 ÈW!Ëœ

 WO§|U"

:v|«ñ«œ :ÈbïW§ìWî

 :vïUNO3

 „uJïUÙ Êu3

 pL:OÇ s:O3d! ËËœñWÙ

 X|U¶< d|UáîWz

 :vïUNO3 :v|«ñ«œ :ÈbïW§ìWî

 ËUî 53

 mMO&Uï

ÈW!Ëœ :v3ñ:u!

101

108

101

101

100

88

102

88

88

89

162

527

509

492

457

452

449

415

421

450

818

1729

1670

1614

1500

1483

1472

1362

1381

1476

2 684

1974

2003

2008

1969

1998

1931

2003

1998

2009

2009

1000 m
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U| :̨uì:uMëW" UïUNO3
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48 … :̨Ë;dÄ

 vëüUÇ1U| :̨uì:uMëW" UM¶ãWJA:OÄ ∫

 ÆÊ«Ë U|ñW<…ñUÇ Ë ÊUO|«b:OÄ UM¶fi‹J:|ñ :u! ñW~|ñUë vë…dOîUz „…Ë s:O!ñUJ! Èdëe:|ñ XO!b:OÇ

1 ‰WÖ ‰ :vëWMO<dÄ«ñ3«ñUî˛ Ë :v|        :vJ|“:uî s:O¶:O<Uë «ñUî˛ ñWfiì ¨…b! ÂU$Wz «b:Oì:uÄ ˜Uïœ u8 s:OìUÑWÙ

ÆWJ!e:|ñ «b:OëWO|dëe:|ñœ ÊUO|«b:OÄ ÊUÑ ÆWïWÙ :ÈË s:O|«d! Ë pÅu8 Ë ÈËWz uë :v|u|bOÑ s:O|bO<

2Ê«Ë ñWfiì s:OïbïUJÅ«œ Ë :v|u|bÑ Ë :v|bO< Ë vJ|“:uî UëW¶:O<Uë ñWÙ :v|UN! :ÈbïWÑUï ñWfiì WJ! :ÈñUO<dÄ

ÆWJ!ñUî:u"     :v|dëe:|ñ ‰ :vÄWÇ :v8…ñ ‰ «b:OJ:Oz UïËu¶<œ ÊU|UN! ÊUÑWz ÆÊdëWMO"UÙ

3 Æ«b:|ËËœ UïËu¶<œ vëWî :̨uë ñWÙ :u! :vïbïUJÅ«œ s:O|UÙW! UïdëñUîu" » WJ§îUîW"    :v|dëe:|ñ

4Èdëe:|ñ vëW|Wï«œ ñWÙ WJ§ïËËñ ÆWJ§ÑUï v|dëe:|ñ vÑ ‰ :vëWïËu¶< ñWÙ Ë :vë…e:|ñ ñWÙ Æ…d:Oî˛WN!       :v|dëe:|ñ

 Æ†Wëœ ı UM|;d!ñ…œ

 :v|dëe:|ñA

 :v|dëe:|ñB

 UN!       ÊbïUJÅ«œ

 v!U"uè1

 v!U"uè2

 v!U"uè3

 :vJ|“:uî

 p|“uî

 u|bOÑ

CD

CD

B

B

AB

 u:|bOÑ

CD



49  … :̨Ë;dÄ

3

W!:uÙ ñ«ËñW! ˜Uï

 … :̨Ë;dÄ

 ›:uJÅUÄ¤ U| :̨uì:uMëW" UïUNO3

:vÅW!

 vëôUÇ2 ÊbïUÙWÖ ∫

» Ê“Wî s:OOïUáî:uë ÆXÑWJ! X<…b! Zï«“Uè s|d"d¶Ä «œ ¨s!WÙ ñ«bJAÄ s|d"d¶Ä Ê…œœ ‰ËWÙ :vïbïUÙWÖ«ñ s:OOïUáî:uë

Ê«ñ«bJAÄ :u! :vï:u|eãWìW" Ë Ê:uãWìW" » vÑb:OÄ s:O|ñ«“:uÖ †Wîe8 :v¶OïñW¶ïWz Ë vïUL<Wz s:OìUïWë s:OJ:|ñ

 ÆÊWëbMO!«œ

1¨vïUL<Wz s:OìUïWë :̈vK|U!:uî U|ñ«“:uÖ †Wîe8 ‰ Wï«e! WïUç|WÙ U|ñ«bJAÄ s:|UN! :ÈbïWÑUï :u8 :ÈñW!ËñË…œ ˛

 Æ:v¶:OïñW¶ïWz

2†Wîe8 ñWÙ ‰ Ê«Ë˛ :vJ:Oz ñWÙ s:|ñ«bJAÄ :u! †WëœñU|œ ÈœW< U|ó:|ñ Ë ÊUOïUáî:uë    s:O"UÙ«œ :Èñ«u8 ‰ :v|W¶A8

vëWîW¶fiO< Æ›ÊdÖUïWÑ:u‹! Èd:|˛U! ÈËWz s:|ñ«bJAÄ ËuîWÙ WOïUáî:uë :v<ñWÙ ËWz¤ ¨Ê“Wî vë…d|˛U! ‰ :vëW|ñ«“:uÖ

s:O|UN! Ë W¶A8 UïUMOzñUJ! ÆWfiOçM! :vëW|ñ«“:uÖ †Wîe8 ñWÙ s:|ñ«bJAÄ ËuîWÙ «ñUî˛ UïdëñU|œ :u! vK:OÙ s:O|WA:OëËUÙ

 Æd¶A:OÄ «ñUO<dÄ ‰ 5¶ãWë W" X<…b!

3 Æ:vë…ñ«“:uÖ †Wîe8 ñWÙ ‰ s:|ñ«bJAÄ «ñUî˛ UM"ñUî˛WÙ :u! WJ!ñUJOÅ d¶AÄ :vîW¶fiO<

4U|…ó:|ñ » XO!…b:|“ vïUL<Wz s:OìUïWë U|ñ«“:uÖ †Wîe8 ‰ Ê«ñ«bJAÄ «ñUî˛ ¨p|e:Oï s:O|…bM|Uz s:OìU< ‰ uë ¨WM:|;ñWÑUÇ U<…Ë

˛ :vJ:Oz ñWÙ 5"UÙ«œ ñWfiì ÊUïËu!…b:|“ ÊUÑ U|ñW~|ñUë Æ        U|…ó:|ñ » :v¶OïñW¶MOz ‰ Ë      U|…ó:|ñ » vK|U!uî ‰ Ë Æ

 ÆWJ§ïËËñ u8 Uç<ñW! ø…bïWÇ ÊUOïUáî:uë :v<ñWÙ ÊUÑWz

15%5%22%

©ñUM|œ® WïUç|WÙ s:O"UÙ«œvïUL<Wz s:OìUïWë q|U!:uî X:OïñW¶MOz

:È©   ® UOïUáî:uë

:È©    ® UOïUáî:uë

17

30

25

42

%

18

7

%

18

10

45

1 042 200 000

552200 000

552200 000

:È©   ® UOïUáî:uë

%

3

1

3

2
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 … :̨Ë;dÄ

 …d:Oî˛WN! «b|WïUçë œ

:vÅW!

50 … :̨Ë;dÄ

 vëüUÇ1ÈWïUçë UM¶|œWÑ ∫

:Èu:OÅ ÈWïUçë vÑWz Æv"d~J:Oz s:O"W|ôË ‰ …ñ«bM|uÅ s|d"bMK! UJ|dîWz ‰ f|uì XïU< Èd:|˛U! :v|…“«Ëñ…œ :vïUçë

:v|…u:OÅ vJïuÇ                 v|…dO$“ v|…ËUîWÇ Èñ:u3 vÑWz Wïó:O!œ ÆW|U"ËUÙ v|WÖ;d! :v|…ËUîWÇ uë…Ë ÆW|WÙ vëW|…ËUîWÇ

 vÑWz U|WA:OëËUÙ :u! v¶AÖ :v|…u:OÅ Æ…Ëu!ñ:uÅ Uë…dO$“ :ÈuOÅ „…Ë ÈË

 ∫W|WÑWz v|…ËUîWÇ :Èñu3

 Ë y a e e

x
a

x
a=

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

+
−

2a ≠ 0

Catenary

1Æ         ñWëWÙ WfiOçM! ÈdO$“ :v|…ËUîWÇ U|WA:OëËUÙ

3øÈdë W" UOMO§:O" :ÈËWz :v|:uÙ UïdJïËËñ :u! WMO!ñUJ! ÈWA:OëËUÙ øÈW¶A8 s:O|UÙW! ñWfiì ÈWëœ ı UOMO§:O"

2® U|WA8Wï :u! X:|;ñWÖœWÑ uë ¨WJ§îU9 :Èñ«u8 ‰ :v|W¶A81 ∫:È©

x −3 −2 −1 0 1 2 3

y

4 ÆWJ! v|…ËUîWÇ ÈËWz :vfi4W! ¨          ñWëWÙ WA:OJ! v|…dO$“ :v|…ËUîWÇ

5:ÈË „…Ë uë U"ËUÙ :v|WÖ;d! ÈË UA:OëËUÙ ÆW|U"ËUÙ :v|WÖd! :v|…ËUîWÇ „…Ë v¶ãWë W" X<…b! :v| ÈdO$“ :v|…ËUîWÇ

 ÆWfiOçM!

6 ÆvfiOçï ÈË U|WA:OëËUÙ W" :ÈËWz U"ËUÙ :v|WÖ;d! Ë ÈdO$“ :v|…ËUîWÇ «ñW§ÑUMì WJ! :v|œñË«ñW!

a = 2

a = 2
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W!:uÙ ñ«ËñW! ˜Uï

 … :̨Ë;dÄ

©:uJÅUÄ® …d:Oî˛WN! «bOëWïUçëœ

:vÅW!

 vëôUÇ2v|…dO$“ :v|…ËUîWÇ È…ñU!ñ…œ ∫

y x a e e

x
a

x
a= −

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

+
−

2 2

vMO!ñUJ! ÊUOëñ:uÙ:u~N3 ÈñUëœ u" ÆU|˛UÑËñW! vëW|…“«Ëñ…œ :vïUçë „…Ë ÈdëWM:|Ë :vJ:Oz UOëôUÇ ‰ W" :v|…ËUîWÇ :v|…u:OÅ

 Æv|…“«Ëñ…œ ÈË :vïUçë vM:|Ë :u! p|e:Oï „WìWÖ vëW|WM:|Ë UM¶ãWJ¶<…œ :u!

1:u! WJ!WM:|Ë ÈËu!«b|WÄ U|WA8Wï :v|…ËUîWÇ øÈWïUçë UïdJ|˛UÑ:ËñW! :u! Èñ:uÙ:uÖ œ v|…dO$“ :v|…ËUîWÇ U|WAëËUÙ «ËWÇ

 Æ:u8 :ÈñUë UïdJ8U<

2 U|WA8Wï ÆWO:OÄ         v|…“«Ëñ…œ :vïUçë UOÙ«bMK!:vïUçë :u! :vëWKáîU< UïdJ¶<Ëñœ :u! WMO!ñUJ!

:vKáîU< ËWz :ÈñWz øWMOzñUJ! W" ÊUOëñ:uÙ:u~N3 :Èñ:u3 óOë ÆXO! :vÄ        vïËu¶< U| ÈË UM|;d!ËËœuJ:Oz vëW|…“«Ëñ…œ

 ÆWJ§ïËËñ :u8 s:OïËuÇ:u! øf|uì XïU< :Èd:|˛U! :È“«Ëñ…œ :vïUçë ‰WÖ ‰ XO$uÖ œ ÈWA8Wï

3ÈWA8Wï :vKáîU< ËWz :ÈñWz Æ:vÄ        W¶O!œ ÈË :vJM! UOïUÄ Ë ÆWO:OÄ        f|uì ÊU< :Èñ˛U! :v|…“«Ëñ…œ :vïUçë UOÙ«bMK!

ÆWJ§ï:Ëñ u8 s:OïËuÇ:u! øf|uì XïU< Èd:|˛U! :v|…“«Ëñ…œ :vïUçë ‰WÖ ‰ XO$uÖœ

630

630

630630
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:vÅW!

52 … :̨Ë;dÄ

 vëôUÇ1ÊU¶:Oë:Ë;ñ s:O|WÇñUÄ ∫

‰ ÊW" Ê«ñ«eÙ » Wëuï U"WÙ Ë          ôU< ‰ vïUL<Wz :u! ©              ® pO¶ï:u§< œd~¶<…œ Uç|WÙ 5îWJ:Oz Uï«bìWÙ :vî…œ ˛

Æ«bïU¶ÅWÖ Ê«Ë œ œd~¶<…œ s:Oç|WÙ ÊUÑ Uï«bìWÙ :u! ÊUMOzñUJ! WMO"UÙ s:O¶:Oë:Ëñ Ê«Ë :v|ô ˛ Êö:OÙ tº! WM"UÙ WÑñ…œ ˛ :v|UÅ:u!

UïdëñU|œ :u! ¨WïWÙ Ê;dÑ“ ÈœñWz ñ:Ëœ ‰ 5ïW" Ê«Ë 5|«b:OÄ » v"UOÑb:OÄ ÊWëœñUë «bOïUL<Wz :v|UÅ:u! :Èñ«u!œ s:|ËWz

 Ë          «ñW§ÑUï ‰ ÊbïöîW8 WMO"UÙ s:OïW" ÊUÑ «ñUî˛ :Èñ«u8 ‰ :v|W¶A8 ¨WïËu/ :u! Æ«bO"UÙ«œ s:O¶ÅWÖ œ ÊUï«bJ:Oì s:OO<d"Wî

 Æ†WëœñU|œ ÆÊbïöîW8 WMO"UÙ :vë…ñU3 ÊôU< êM:OÄ ñWÙ uë

 vëôUÇ2ÊU¶:Oë:Ëñ s:OLÇW< ∫

«ñW§ÑUï ‰ Æ†WëœñU|œ Ê;dÑ“œ «bOïUL<Wz :v|UÅ:u!œ s:O¶:Oë:Ëñ s:OLÇW< :u! ÈbïöîW8 s:O|…ñUî˛ » ÊUO|«b:OÄ :Èñ«u8 ‰ :v|W¶A8

 ÆÊbïöîW8 WMO"UÙ :vë…ñU3 ÊôU< êM:OÄ ñWÙ uë          U"WÙ          ôU<

1957

1965

1995

Spotnik

 ‰U<

ÊUïW" «ñUî˛

1965

17535052570087510501225

197019751980198519901995

 ‰U<

ÊULÇW< «ñUî˛

1965

90018502 2502 60032002 9003 300

197019751980198519901995

1 øÈW¶A8 s:O|«b:OÄ :u! ©vëWKáîU<® :vëWïËu/ UïdJ¶<Ëñœ :u! XO!ñUJ! XO!b:OÇ ÊU|WA8Wï :Èñu3 óOë

 ÆWJ§ï:Ëñ u8 Uç<ñW!

1Ë ©XM:|uïœ         ôU<         ® WMO!ñUJ! :u8W!ñW< :ÈË«;ñ:uÖ „…Ë ÊôU< ÆsM:|uM! ÈW¶A8 s:O|«b:OÄ WJ!ñU|œ :vïdJïËËñ s:OìU8

 Æ›X<W! XAÄ¤ Ë«d¶<W! ÈË«;ñ:uÖ „…Ë ÊULÇW< «ñUî˛

2vï«u" UëWïËu/ Ë ÈUº:O< UëWïËu/ Ë ÈU3ËËœ UëWïËu/ Ë vK:OÙ UëWïËu/ UM"ñUî˛WÙ :u! WMO!ñUJ! :vïdJïËËñ «d:Oîó!

 ÆÈW¶A8 s:O|«b:OÄ :u!

3 ÆWJ§ïËËñ :u8 Uç<ñW! øXO!œñU|œ d¶¶<Ëñœ WïËu/ óOë W" UïËuÇ:u! ˜ËËœ ‰

4  ø          ôU< ‰ ÊULÇW< «ñUî˛ UïbïöîW8 :u! WMO!ñUJ! †WëœñU|œ vJ|e:OM! „WìWÖ ÊULÇW< «ñUî˛ U|WïËu/ :ÈËWz

2ôU<          uë :u8W!ñW< :ÈË«;ñ:uÖ „…Ë WMO!ñUJ! ÊôU< ÆÊUO|«b:OÄ ÊUÑ :u! „W|WïËu/ W¶O§! uë WfiOçM! :vëWA8Wï

   ÆU<…ËñWÙ Ë XM:|uM!          ôU<          Ë

3 ÆWA:OJ! È…ËUîWÇ Ë :̈vKáîU< :vÑWz UM|;d!ñ…œ ñWfiì WfiOçM! :vëWH<…Ë

4 Æ         ôU< ‰ vïUL<Wz ‰ ÊUïW" «ñUî˛ UïbïöîW8 :u! WMO!ñUJ! :vKáîU< :vÑWz

1970 x = 5

1965

19651995

x = 0

2020

2020

x = 01965
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 s|d:|“ s:O|WA:Oëô

:vÅW!

 vëôUÇ1 s|d:|“ U|…ó:|ñ ∫

 vëôUÇ2s|d:|“ U|WA:Oëô ∫

:vïó:O!œ :̈v|“U<ñôW" Ë ñWïuÙ ˛ :vJ:Oz ñWÙ ‰WÖ ‰ WO|«b:|dÖ U| @ïdÖ UëW|bï…u|WÄ »                   vA"Uïu§Oã UJ:Oz ˜ËËœ ‰ p:Oz

 Æs|d:|“ U|…ó:|ñ

1 » WïUfiëW| :ÈËËœ Ë :vJ:Oz :v| :ÈË :Èœ«;ñ WëWJ:Oz ˜ËËœ ‰ p:Oz ¨vA"Uïu§Oã UJ:Oz ˜ËËœ ‰ p:Oz1:ÈË vëW|…œ«ñ ñWÙ Ë ¨

‰ p:Oz :vÑ s:O| vJ:Oz s|œ«;ñ …œ“«ËËœ Æd¶A:OÄ s:O|…œ«;ñ ËËœ ñWÙ :vîW3ñW< WïUfiëW| :vO< :v|…œ«ñ ˛ ÊdJ:Oá¶<…œ Èœ v|

 ÆWfiOçM! :vJ:Oz ˜ËËœ

1ÆXO!œñU|œ :v|“U<ñôU" Ë ÈñWïuÙ Ë :È“«bïWz ‰ s|d:|“ U|…ó:|ñ

U¶<«ñWÑUï ¨WJ!WM|Ë :È“WäUë ñWfiì             U|WÅ:uÖñUÇ

Ë    s:OìU8 ËËœñWÙ «ñW§ÑUï ¨    WJ! :ÈË :vÑUï Ë WJ!ñU|œ

‰ ñU|œ vë…Ë ñWÙ ¨WMOÙW~! ñ«bìU8 vëWK:OÙW¶<«ñWÇñUÄ »

:u! WMO!ñUJ! Ë WëWÑ       U|ó:|ñœ » vìUÖdÄ ÆñW§î«ñW! :v|WM:|Ë

Ë WA:OJ!       vK:OÙW¶<«ñ :u! V|ñW" :vëWK:OÙW¶<«ñ Æ      UïdëWM:|Ë

WJ!ó:|ñœ ÈË UO¶<«ñ ñWfiì       vK:OÙW¶<«ñ ¨X|ñ:u§! «ñ   ôU8œ

Ê«Ë UM|d!ËËœuJ:Oz ôU8 :vÑUï Ë d¶AOÄ vK:OÙW¶<«ñ W¶OÙW~! U"WÙ

ÆXãWë W" X<…œ »             U|WA:Oëô Æ     Wï«œ

2 ÆWJ§J|e:Oï :Èñ«eÙ ˛ ‘W! s|d¶J|e:Oï :u! :vç<ñW! :̈Èñ«u8 ‰ s:O|…ó:|ñ ËËœñWÙ ÊUÑWz UM"ñUî˛WÙ :u! WMO!ñUJ! :vïUçOÄ

3s|d:|“ s:O|WA:Oëô Æs|d:|“ U|…ó:|ñ WïUfiëW| †ñuë :v|ô :u! d"ó:|ñœ :v|ô U|ó:|ñœ «ó:|ñ uë W|WA:Oëô ËWz s|d:|“ U|WA:Oëô

 Æ©W|WÙ s|d:|“ UëW|WA:Oëô ˛ d¶Ä ∫ÈñUJ|ñUÙ® øsï«Ë óOë ÊdJ¶<Ëñœ WO"UÙ v|WM:|Ë ‰

4 Æs!WÙ «bO" s|d:|“ s:O|WA:Oëô :v< v<UL:OJ! WJ§¶<Ëñœ ÈñWï:uÙ vëW|:uK!U"

2Èñ«eÙ ˛ ‘W! s|d¶J|e:Oï :u! :vç<ñW! ¨…d:Oî˛WN! d¶A:OÄ :Èœ«;ñ :u! vë…œ«ñ ñWÙ «ó:|ñ :̈vºM:OÄ :Èœ«ñ » ÊdJ:Oá¶<…œ

  ÆWJ§J|e:Oï

3 Æ†WJ! :Èó:|ñ :vÑWz :vfi4W! WfiOçM! :vëW|…˛«ËW¶<…œ

Fibonacci

144
89

≈89
55

≈55
34

≈34
21

≈21
13

≈13
8

≈8
5

≈

ABCD

AB

EC

EF

DC

GAFGD

AD

F

EEC

BC
BF

≈AF
AD

≈

F

G
C

BE
A

D
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54 … :̨Ë;dÄ

 vëôUÇ1  „:Ë;dÑ“ UëuìU'U3 ∫

 vëôUÇ2Èñ:uî U|U<U| ∫Morrie

¨WJ! :vë:uìU'U3 :ÈË…d:|ñ ñWfiì :vMOì:uJ:Oì ÆÊU<Ëuï W"UÙ Wç:|Ë :Èd|U" » „Wë:uìU'U3 ¨XOÇœ vëWO:|ñ ñWfiì „WKJfi|UÄ :vî…œ ‰

 ÆXOÇœ g:OÄ ˜…ñW! d|U" :vî…œ ‰ :Èd|U" Uïbï«dÑ“ U|WÅ:uÖ Ë :vJ:|ñ «ñW§ÑUMì U|bï…u|WÄ ñWfiì WJ! :vMOì:uJ:Oì U<…Ë ñWÙ

ÊULOÑ œñUA¶|ñ :v|U|eOã :v|Uï«“ WÑUï ˜Wz              Èñuî U|U<U| :vïó:O!œ Ë W|WÙ „WîU$WzËUÙ ¨ÈWÅ:u~:O< s:OîU$WzËUÙ ˛

Richard Feynman:vÑWz :vfi4W!                           f|uëU3 :Èñuî :vÑUM! ñUëñeÙ vëWë:Ëñ«“ uë :̈vîU$WzËUÙ :vÑ ñW< W|Uï«œ

 ÆËu!dë :vîU$WzËUÙ

1 …d|U" v¶AÄ :ÈË :vN3 Ë ¨†WëœñU|œ :vë:uìU'U3 :u! †…;ñWM! :vN3 ¨ñW§î«ñW! :v|WM:|Ë45ºp:Oz :Èd|U" :ÈdO¶çOï ñWëWÙ ÆÈdÑ“

 ñWëWÙ …bïWÇ X|;d!œ d|U" U|ñËËœ ÆXO! :vÄ45º ÆX|;dÑe!

1 Æ:v|bï…u|WÄ :vÑWz UïdJ8U< :u! WMO!ñUJ! :Èd:Oîó! Æ                                                 W|WÑWz Èñ:uî U|U<U| :vè…œ

2ÆWJ§ï:Ëñ u8 :ÈñUë ¨                                                     UïdJ8U< :u! WMO!ñUJ! :Èd:Oîó! U<…ËñWÙ

3  Æ             ñWëWÙ WJ§8U< v|U<U| :vÑ UO¶<Ëñœ                                                        W|WÑWz Èñuî U|U<U| :vè…œ

4UïUMOzñUJ! …ñ:uÙ:u~! Ê«ñU3 bïWÇ :v¶<«ñ :v|ô ∫ÈñUJ|ñUÙ®                                                        WMO*Wfi! :vîU$WzËUÙ

Æ©     U|U<U| :u! :ÈWÅ:uÖ vï«ñU3 ËËœ s:OîU$WzËUÙ

2 d|U" :vî…œ ÆÊUN3 UïdëñU|œ :u! WJ!WM:|Ë :vë:uìU'U3 Ë Èd|U"45ºX<Ëñœ ÂUîW" UëWëWì:u8 d|U" U"WÙ †;dÑ“œ

 Æ†Wëœ

3 ÆWMOÙW~! ÈU$uÖ vëW|…ËUîWÇ » vëuìU'U3 s:ON3 «ñW§ÑUï

4øWOOÇ dëWM:|Ë W"UÙ v|…ËUîWÇ ÈËWz :Èu:OÅ

Morrie

Morrie Jacobs�

8 2 4 8cos cos cos sin
sin

a a a a
a

( )( )( )=

8 2 4 8cos cos cos sin
sin

a a a a
a

( )( )( )=

S

(cos20º)(cos40º)(cos80º) = 18

(cos30º)(cos60º)(cos120º) = 1
12

a = 20º

sin
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 vëôUÇ1vï:u"öãWz s:OïW" ∫

1 ÈdJ¶<Ëñœ ÊUO!U"uè :vïW" ËWz X:OÑœ ¨WJ§8U< ÊUO!U"uè :ÈñUë

 ÆXO! :vÄ UÄW" :v|…u:OÅ ñWfiì

2

 ÆWJ§8U< ÊUO!U"uè :ÈñUë

3

4

∫dOîUz Ë W¶<…ñWë Æ”ËuïWçOÄ s:|ñWÄ ¨”WIî ¨Ê:u"ñUë

∫ÈñUëdO! U|WMOA:OÄÆÊWëœ X<Ëñœ ÈË UM¶fi8«ñ ˛ È…“«bïWz vëWïW" «ËWÇ Ë ¨WOOÇ È…“«bïWz :vïW" UM¶fi8«ñ ¨sï«e! v!U"uè X:OÑœ

 Æ:vëWìËuì Ë Â…ñWÙ Ë v|:uìUáÅWÅ s:OM¶fi8«ñ » †WJ§:Oá¶<…œ v!U"uè …d¶ÅU!

 ∫ÊdJÙ…dÑñW!® vï:u"öãWz s:OïW" «ñUî˛ uë ÊUO!U"uè …ó:O!5 ÆÈœ s:OïW" ñ«uÇ UïdëñU|œ :u! …b§ïUÙ ÊUO!U"uè ÆsïW" ©

 ∫í<ñW! Æ:Èñ«u8 ‰ :v|ËËñ …œ“«ËËœ vÑWz ‰WÖ ‰ ÈË UïdëœñË«ñW! » WJ§8U< ÊUO!U"uè :ÈñUë

 vëôUÇ2”bOîW8ñWz s:OïW" ∫

∫dOîUz Ë W¶<…ñWëÆ„WìËuì ¨d|uÙ U* ¨”ËuïWç:OÄ s:OëñWÄ ¨”WIî ¨Ê:u"ñUë

∫ÈñUëdO! U|WMOA:OÄ Æsï«e! :v|öºM:OÄ Ë öÅWÅ :ÈñW!ËËñ UM"ñUî˛WÙ v!U"uè X:OÑœ

 ∫ÊdJÙ…dãñW!® ”bOîW8ñWz s:OïW" «ñUî˛ uë ÊUO!U"uè …ó:O!13 ÆÈœ s:O| ”bOîW8ñWz s:OïW" UïdëñU|œ :u! …b§ïUÙ ÊUO!U"uè ¨sïW" ©

 ∫í<ñW!

 Æ„W|öºM:OÄ Ë öÅWÅ ËËœ

 ÆöºM:OÄ Ë öÅWÅ
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 vëôUÇ1Â:uNï Â:uNï ∫

1;ñ:uÖWï UëW|…ó:|ñ » :v3ñu! UOÙ«bMK! ÆÈË UOÙ«bMK! Ë ©Ãñu!® Èñ…ËW" s:Oî:uNï «ñUî˛ «ñW§ÑUMì W|WÙ vK:OÙ UëWO|bï…u|WÄ :vìW!

 ÆXO!œ…b:|“ v3ñu! ÈË UOÙ«bMK! ¨Â:uNï » Â:uNï XO§! …b:|“ ÊUî:uNï «ñUî˛ bïWÇ ñWÙ ÆWO:Oî:uNï UOÙ«bMK! ËWz ¨XO!œ …b:|“

3 vëW3ñu! UOÙ«bMK!140 W¶O!œ :vKáîU< :vÑWz ˜ËËœ ‰ Wî:uNï709m ÆvJ|e:OM!

 ÈË UOÙ«bMK! ñWëWÙ vëW3ñu! s:Oî:uNï «ñUî˛ UïbïöîW8 :u!m700  s|WJ!ñUJOÅ :v|WA:OëËUÙ :vÑWz X:OÑœ ¨XO!

 ∫W|WÑWz í<ñW!138   ÆvJ|e:OM! Â:uNï

4 ∫XOÑWëœ Wî X<…œ » :Èñ«u8 ‰ :vKáîU< ˜Wz ¨s|WJ! Ë«d¶<W! Ë X<W!ñW< s:|Ë«ñ:uÖ ËËœñWÙ «ñW§ÑUMì :Èñ:uÖuìUz ñWëWÙ

 ÆÈË UOÙ«bMK! ˜ËËœ ‰ †WëœñU|œ v3ñu! s:Oî:uNï «ñUî˛ WÑWz

UOÙ«bMK! vïËu¶< UM|;d!ËËœuJ:Oz :vì ÆXOM|uïœ v3ñ:u! :Èd"Wî p:Oz UOÙ«bMK! ñW§î«ñW! :vÅW! ÈËWz «b:OKáîU< :vÑWz œ Èñô

 ÆÊ…b! ô ÈË s:Oî:uNï ËuîWÙ ñWëWÙ XOM:|uïœ :v3ñu!

 ÈË UOÙ«bMK! vëW3ñu! ‰ ÊUî:uNï «ñUî˛ UïdëñU|œ :u! 5MO!ñUJ! :ÈËËœ :vKáîU< X:Oç! Wî ñWëWÙ700 mX:OÑœ ¨

  Æs|d:Oî˛WN!

® «ñUO<dÄ Uç<ñW! ˛ …“ËUO3 U| Wç<ñW! ˜Wz3ÊUç<ñW! ËËœñWÙ «ñW§ÑUMì È“«ËUO3 ÆÊUMOzñUJ! Ëu§"UÙ :vJOz vKáîU< uë :̈È ©

WMO"UÙ s:OÅW! ËWz ËuîWÙ Ê…œb:|ñ WÑWz uë ÆÊËu! :vïdJJ|e:OM! Wî s:OM"ñUî˛WÙ vJïuÇ :v|“«ËUO3 :vÑWz :ÈñWÖWz ÆWî:uNï p:Oz

ÊUMOzñUJ! WM:OÙœ s:|ËWz ÈñUëdO! 5KáîU< ËWz ËuîWÙ uë X|d~!ñ…Ë ˜UÇñW! ÂWz X:OÑœ ÆsMO§J:OÄ :vëWî:uNï ÊdJÅËuî«ñWã

 Æs|Wëœ ‰WÖ ‰ :ÈñU¶ã…ñ ÂWz :vî…œ WM|dJJ|e:Oï s:OKáîU< Wï« :̨Ëñ UïU|˛ ‰

2  ÊU3ñu! ËËœñWÙ s:O|«b:OÄ ˜ËËœ ‰ XOM:|uïœ ÈË s:Oî:uNï «ñUî˛ :vÄ v3ñ:u! UOÙ«bMK! «ËWz ¨vK:OÙ U|WA8Wï :Èñô

 ∫W|WÑWz

 vïËu¶< UM|d!ËËœuJ:Oz :vìb ÆÊdëñU|œ W¶:OÙœ Ë †Wëœ vKáîU< Uï«œW<UÄ ÊU3ñu! ËËœñWÙ ˛ vJOz UMOfiOçï UO:|ñ » ∫

   W|WÑWz vK:OÙ vKáîU<

 vïËu¶< UM|;d!ËËœuJz :vì XOM:|uïœ :vëWî:uNï UOÙ«bMK! :ÈbïWÑUï Èñô «œ :vKáîU< :vÑWz œb‰ vJ:Oz Uî:uNï ÈñW! UOÙ«bMK! ¨

 ÆXOM:|uïœ v3ñu!

 vïËu¶< UM|;d!ËËœuJ:Oz :vìW!bÆ†WëœñU|œ v3ñu! ‰ :vJ:Oz Uî:uNï g:OÄ ‰ UOÙ«bMK! ËWz vJïuÇ ¨«œWï« :̨Ëñ UïU|˛ œ W|WÙ ÊUî«ñ

∫dOîUz Ë W¶<…ñWë Æ:vïdJïËËñ «d:Oîó!

∫v|ñUëdO! U|WMOA:OÄUïbï«uï :u! :v|ñUëdO! vëWKáîU< «ËWÇ Ë ¨sï«e! :vïdJïËËñ s:OìU8 » ÈW¶A8 s:O|«b:OÄ Uïbï«uï v!U"uè X:OÑœ

 ÆÊWëœñU|œ ÊUO|«b:OÄ ôWî:uë

∫í<ñW! ÆWJ§8U< ÊUO!U"uè :ÈñUë

 ÈdJMO§A:OÄ s:Oç<ñW!

m
y y
x x

=
−
−

= −
−

= ≈2 1

2 1

818 452
162 88

183
37

4 95.

b y mx= − = − × =1 1 452 4 95 88 16 4. .

f ( ) . .140 4 95 140 16 4 709= × + ≈

700 4 95 16 4= +. .x

g x x x( )
.

. . .= −( ) ≈ −1
4 95

16 4 0 2 3 31

g( )700

g( ) . .700 0 2 700 3 31 137≈ × − ≈

f x x( ) . .= 4 95 16 4+
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∫ÈñUëdO! U|WMOA:OÄs:O|«b:OÄ Uïbï«uï v!U"uè X:OÑœ

«ËWÇ Ë ¨sï«e! :vïdJïËËñ s:OìU8 » ÈW¶A8

ÊUO|«b:OÄ ôWî:uë Uïbï«uï :u! ÈñUëdO! vëWKáîU<

 ÆÊWJ!ñU|œ

∫í<ñW!WJ§8U< ÊUO!U"uè :ÈñUë

   ÈdJMO§A:OÄ Uç<ñW!

−200

−40 −20 20 40 60 80 100 120 140 160

1000

900

800

700

600

500

400

300

200

100

0
0−100

©d"Wî® vÙ«bMK!

 ÊUî:uNï «ñUî˛

0

ôU<

:vïdJ¶<Ëñœ

2600

2400

2200

2000

1800

1600

1400

1200

1000

800

600

400

200
0

−200−40 −20 20 40 60 80 100 120 140 1600

©:vÄ® vÙ«bMK!

 ÊUî:uNï «ñUî˛

1

−200−40 −20 20 40 60 80 100 120 140 1600
 ÊUî:uNï «ñUî˛

2000

1800

1600

1400

1200

1000

800

600

400

200

 vëôUÇ2Â:uNï Â:uNï ∫

∫dOîUz Ë W¶<…ñWë ÆÊ:Ëñ UëW¶<«ñ :̈vïdJïËËñ «d:Oîó!
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2 ÆWJ§8U< ÊUO!U"uè :ÈñUë

4  ˛ vëW3ñu! UOÙ«bMK!95 W¶O!œ XO§"UNJ:OÄ ÊUî:uNï1505 mÆvJ|e:OM! :vÄ

5  ˛ vëW3ñu! UOÙ«bMK!95 W¶O!œ XO§"UNJ:OÄ ÊUî:uNï458 m ÆvJ|e:OM!

6 ôU< ‰           ÈË UOÙ«bMK! :v3ñ:u! ËWz :̈v< :vKáîU< ˜ËËœ ‰2433U| :v< :vKáîU< UOMO!ñuÙ ÆÊdëUÑUz W¶:OÙœ vJ|e:OM!

 ÆWëËuâ! :vëWìWÖ :vï«b:|dÖWçJ:OÄ :vJì:uëËUÙ vJïuÇ …“«Ëô

3 Æ…e:ON! ›v¶<…u|WÄ¤ UëWï«b:|dÖ WçJ:OÄ                                        Ê«d"Wî » :vOÙ«bMK! Ë ÊUî:uNï «ñUî˛ «ñW§ÑUï ‰ Èbï…u|WÄ

 Æ…e:ON! UëWï«b:|dÖ WçJ:OÄ                                           ∫ÊUO:OÄ » :vOÙ«bMK! Ë ÊUî:uNï «ñUî˛ «ñW§ÑUï ‰ Èbï…u|WÄ

  Æ…“«Ëô UëWï«b:|dÖ WçJ:OÄ                                           Ê«d"Wî » :vOÙ«bMK! Ë :vïdëUÑUz ôU< «ñW§ÑUï ‰ Èbï…u|WÄ

r y x= = −0 98 5 22 37 44. ��� . .

r y x= = −0 98 17 14 123 26. ��� . .

r y x= = −0 24 1 13 1748 79. ��� . .

1 000 m
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 vëôUÇ1U| :̨uìuMëW" UïUNO3 ∫

1
® :vO!U"uè1 :È©

® :vO!U"uè2 Ω :È©A

® :vO!U"uè3 :È©

® :vO!U"uè1 :È©

® :vO!U"uè2 Ω :È©AB

® :vO!U"uè3  :È©

∫í<ñW!Êñ:u3 Ë «ñ:u3

 ÈdJMO§AOÄ 5ç<ñW!

  u:|bOÑ ®CD ©X:O<Uë

UN!  ÊbïUJÅ«œ

10 20 5

2 30

����������� �����������

� ����������� ������������

����������� �����������

2

15 50 5

⎡

⎣

⎢
⎢
⎢⎢

⎤

⎦

⎥
⎥
⎥

2
 p:O<Uë

B   =     CD

 u:|bOÑ

UN!  ÊbïUJÅ«œ

2000

5000

15 000

���������

���������

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

3
 p:O<Uë

B   =     CD

 u:|bOÑ

UN! ÊbïUJÅ«œ

2000 500

5000 1000

15 000 3000

�����

����

��

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥⎥
⎥

4

‰ :ÈË ÈñW§î«ñW! uë †Wëœ s|;dë v!U"uè ÈËWz s:O¶A" Ê«Ë :v|UN! ÂW3ñW< ˛ :vM|;d!ñ…œ :vÄWÇ :v8…ñ UïËu¶< ‰ vëW|Wï«œ ñWÙ

Æ†Wëœ v¶ãWë X<…b! s:OïbïUJÅ«œ ÂW3ñW< ˛ :vM|d!ñ…œ ÈË ÈñW!«ñW! :v¶<«ñ :v8…ñ UïËu¶< ‰ vëW|Wï«œ ñWÙ :vì Æ:vÄWÇ :v8…ñ

 s|;dë v!U"uè ÈËWz s:O¶A" Ê«ËWz «ñU|;dë :v|UN! ∫WïËu/ :u!195 000 :vïbïUJÅ«œ :vîW3ñW< Ë ÊñUM|œ000 04     ÆÊñUM|œ

195 000 40 000

184 000 37 000

355 000 725 0

����

����

��� 000

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
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ÊU|

S ¨XM:|uïœ vïUL<Wz s:OìUïWëT  Ë :vK|U!uîI ÆXM|uïœ :v¶:OïñW¶MOz

 WM!œ p:Oz ˜ËËœ ‰ p:Oz ÊUOïUáî:uë :u! Ëuï s:OO¶ãWJ¶<…œ1 125 504 000  ñUM|œ609 720 000 ñUM|œ792 090 000  ÆñUM|œ

1  ∫:vK|U!uî ‰ :v|ñ«bJAÄ :v|«dJ:O"75000Æ ñUM|œ

  ∫:v¶:OïñW¶MOz ‰ :v|ñ«bJAÄ :v|«dJ:O"50000 ÆñUM|œ

  ∫:vï:u|eãWìW" ‰ :v|ñ«bJAÄ :v|«dJ:O"15000 ÆñUM|œ

3 ÆvJ|e:OM!                 :vï:u|eãWìW" U|ñ«“:uÖ †Wîe8 ‰ Ê«ñ«bJAÄ «ñUî˛

          :vK|U!uî U|ñ«“:uÖ †Wîe8 ‰ Ê«ñ«bJAÄ «ñUî˛

           :v¶OïñW¶MOz U|ñ«“:uÖ †Wîe8 ‰ Ê«ñ«bJAÄ «ñUî˛

4†Wîe8 ‰ Ê«ñ«bJAÄ «ñUî˛ Ë                                 W¶O! :Èœ :vï:u|eãWìW" U|ñ«“:uÖ †Wîe8 ‰ Ê«ñ«bJAÄ «ñUî˛ «œ…bM|Uzœ

 W¶O! :Èœ :v¶:OïñW¶MOz U|ñ«“uÖ †Wîe8 ‰ Ê«ñ«bJAÄ «ñUî˛ Ë                                   W¶O! :Èœ :vK|U!uî U|ñ«“uÖ

 ∫…d:Oî˛WN! :vÑWz ÊUOïUáî:uë :u! Ëuï :vO"UÙ«œ UïdëñU|œ :u!

 vëôUÇ2ÊbïUÙWÖ ∫

∫í<ñW!ÆÊñ:u3 Ë «ñ:u3

 ÈdJMO§A:OÄ s:Oç<ñW!

2
0 18 0 42 0 17

0 1 0 18 0 3

0

. ����� . ���� .

. ������ . ����� .

.. ����� . ���� .45 0 07 0 25

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥

S

T

I ⎥⎥
=

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

1 042 200 000

552 200 000

690 300 000

. . .0 18 15 000 0 42 75 000 0 17 50 000S T I( )( ) + ( )( ) + ( )(( ) =

( )( ) + ( )( ) +

1 042 200 000

0 1 15 000 0 18 75 000. .S T 00 3 50 000 552 200 000

0 45 15 000 0 07

.

. .

I

S

( )( ) =

( )( ) + TT I( )( ) + ( )( ) =

⎧

⎨
⎪

⎩
⎪

⎫

⎬

75 000 0 25 50 000 690 300 000.

⎪⎪

⎭
⎪

ÊU|

2700 31 500 8500 1 042 200 000

1500 13 500 1

S T I

S T

+ + =

+ + 55 000 552 200 000

6750 5250 12 500 690 300 00

I

S T I

=

+ + = 00

⎧

⎨
⎪

⎩
⎪

0 18 15 000 0 42 75 000 0 17 50 000

0 1 15 0

. ��� . ��� .

.

× × ×

× 000 0 18 75 000 0 3 50 000

0 45 15 000 0

��� . ���� .

. �� .

× ×

× 007 75 000 0 25 50 000

80 500

26 460

× ×

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥��� . �88784

1125 504 000

609 720 000

792 090 00

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

=

00

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

S = 70 000

T = 25 200

I = 7200

70 000 1 15 80 500× =.

7200 1 22 8784× =.

25 200 1 05 26 460× =.
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 vëôUÇ1 ÆWJ!ñU|œ ÈWïUçë ∫

3 ÆvJïuÇ Æœ«“Uz :ÈË«;ñ:uÖ :u! ËËœuJ:Oz :È˛œ s:O|UÙW! ñW§î«ñW! s! ÊUfiëW| :Èœ ÈWA8Wï s:O|UÙW!

4 ÆXO!œñU|œ v|U3ËËœ U|WA8Wï :v|…ËUîWÇ „…Ë …ËUîWÇ ˜Wz

 ÆXO!œñU|œ ‰UâÑUï d¶L:Oë :vÑ :ÈñW< pMì :vì

5                     s:OìU8 œ uë U"ËUÙ :v|WÖ;d! U|WA:OëËUÙ

fl(2,   (2))  (0,   (0))    W|WÑWz X|ñ:u!œ «ñy = 0.27     +2        Æ

6 s:O|UÙW! :u! …ËUîWÇ ËËœñWÙx ÆvJ|e:OM! s! †Ëu3 :Èœ            :v|…ËUî ‰

 …d¶ï“Wî È…dO$“ :v|…ËUîWÇ U|WA8Wï s:O|UÙW! uë XO!œ ñU|œ U<…Ë Ë

 :vî…œ ¨ÈU3ËËœ U|WA8Wï s:O|UÙW! ˛x       Æ          :v|…ËUî ÈWÑñ…œ ˛ X|dÖœñ…Ë ÊU|UÙW!

∫dOîUz Ë W¶<…ñWëÆ›vïU|W!¤ :vïdJïËËñ s:|ñWÄ ÊU| :vïdJïËËñ «d:Oîó!

∫ÈñUëdO! U|WMOA:OÄ:ÈË«;ñ:uÖ :u! ÈdëñU|œ vëW|UÙW! ñW§î«ñW! Êd:Oî˛WN! :vëW|WA8Wï :v|UÙW! «ËWÇ sï«e! v!U"uè X:OÑœ

 Æ:u8W!ñW<

∫ÊdJÙ…dãñW!v!U"uè Ë ¨X:OÙbJ:OÄ ÊU|WA8Wï UëWìWî:uë ˛ UëW|WA8Wï ¨…dO$“ :ÈË :v|…ËUîWÇ U|WA8Wï ËWz uë ÊUO!U"uè …ó:O!

  ÆÊœU|“ :v|WÖ;d! s:O|WA8Wï ËWz Ë ÆXM|u8 :Èœ bMK! s:OäUïuè ‰

 ∫í<ñW!

1

2

y e e
x x

= +
−

2 2

. ( ) ( )f x e e e e f x
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